CHAPTER 5

The Place of Counting in Number Development
Arithmetical Beginnings

In most infantclassrooms during enathematicdesson wecan seesome form of counting.
Children count counters, pencils, shapes, marbles, acorns, toys—anything. If it is countable it is
counted. Counting is one ttie actionsyoung children participate irusing everyday objects
from the realworld. Objects from this world can beseen. Onthe onehand they are
manipulated, named andescribed, providingthe initial phases inthe development of
geometry, orthe other they can bguantified, givingthe initial phases irthe development of

arithmetic.

Geometricgrowth stems fromhandlingreal world objects.They areseen and manipulated,
conceived of visually and holistically as they appear to the senses, and naalesktiine for

the regularities of these shapes to be described in a more subtle verbal fahaiy foroperties

to be identified and relationshipssed on those properties to be establisAdthmetic also

has aphysical counterpart originating in tmeal world, so it has wWual elements but it is
possible for these elements to change. Actions on objects of the real world form tbiafeate

part of the arithmeticalvorld. However, whereaperception and manipulatiolkead to the
gradual accommodation of geometrical concepts the formation of numerical concepts is far
more subtle. It involves a shift ettentionfrom the objects of the reaborld to the objects of

the arithmetical world— numbers and their symbols.

The part that counting has to play in #teft of attention is thdocus of this chapter. Waill

see how actions upon objectsthé realworld may be steadilgompressed to form objects of

the arithmetical world. Children who utilise the underlying strength of these new objects have a
source offlexibility and power which provideshem with a stepping stone towards further
mathematicagrowth. Those who damot become trapped within the complexity of the actions

and left bewildered as arithmetic and mathematics generally becomes ever more complex.



Counting plays a sophisticated acehtral role in the development of niben concepts. But

how is this done? If it is so fundamental why is it that well K&y Stage 2 we may see some
children still relying extensively on it to add and subtract —even to establish multiplication facts?
Perhaps it seems natural that if so much energytiauedis expendeduiponthe development of
soundcounting skills withinKey Stage 1, some children withikey Stage 2 appear to be
reluctant touse alternative approaches.The more wework at rememberinghow to do
something the more we are likely to use the remembered approach; it is perhaps the case that the

more we remember how tho, paradoxically, the less we mkgow

“It will help you if you count”.

It will prove fruitful to distinguish between the terms “process” and “procedure” which will be
usedextensively in thechapter.The word “process” is used in generalsense, as in the
“process of counting”, the “process of addition”, or the “process of subtraction”. It need not be
something that is currently being carried out in thought or by action, for example wepeaky

of the process afddition withoutactually performingit. Nor is there any imlication that the
process must bearried out in a uniqumanner. For instancé)e process ofddition may be
carried out by counting or by some otmeethod.The term “procedure” isised todescribe a
specific algorithm for implementing @rocess. Flexibility ircarrying out gorocesswill play a
fundamental role iur story.Within simple arithmeticounting may stimulate thgrowth of
suchflexibility but it may also inhibitit. How may such acontraction arise? What is it about

counting that may cause such a paradox?

Try to visualiseJames. He is a ath five year old sitting amongst group of similarly aged
children carrying out counting activitiedis voice carries above thathers withinthe group
“... five, six,seveni. There is silence as he thenietly writes. Acloser examination of what
he is doing revealthat hewasadding 3 + 4 using his fingers to count-on fréoor. Now
think of Joseph who is eight. He is also trying to add 4+3. Hétisg motionless bulis lips
are moving and, looking closely, we can see his eyes moving slowlyldéfbto right. The lip
movementsstop andthen startagain. His eyesepeat their mvement. This happens several

times with always a little more tension evidenthe deegrown on Joseph’s fac&ventually



Joseph’s teacher interrupts his concentratitse‘counters oryour fingers Joseph. It will be
easier! There is a some relief odoseph’sface as hegoes forthe second option without
making it tooobvious—he uses his fingers under desk. Wiy? He explained later that he
“...wants to do thgs likethe clever childrenThey do it in hieir heads. Counting on his
fingers under the desk helps him contitig subterfuge: istill looks as if he is doing things
like the “clever children”. The teacher shares his secret. It is almost as if they have ietdgered
a conspiracy—the current difficulty has been sorted out becausasheeeriold how todo the
sum using an easier approach. On the next combination however we begithilipsanove
and the eyes roll. Again his teacher very quietly intervenesaggestghat heshould use his

fingers “..it will help you understand what you are dding

Two children, both counting, but there is a tremendous difference in the quality of this counting
over such a spectrum of age. The five year old is experiencing counting as part of a programme
of conceptual developmenthich may eventually give hinthoices. Josephnd children like

him are counting because they are unable to do anything else—they have no choice. Faced with
the problemsuch as 4+3hey translate it into a countiraction. They have had plenty of
experience doing this: an addition and subtractigns meanscount, albeit adifferentsort of
counting. It can take so long to tlee counting and get answerthat suchchildren may not
remember the numbers they started with. Once again they have practised a @vaongdgre.

Simple arithmetic isaboutcounting. Joseph din't realisethat when the other children were

doing things in their heads they were using metlibasarefar easier thamis. Evenwhen he

has difficulty, he is advised to try approachthat isharder thartheirs. That this is so was

aptly explained by Amanda, who is nine,

"l find it easiernot to do it [simple addition]with my fingers because sometimes |
get into a big muddle with them [and] | find it much harder to add up because | am
not concentrating on the sum. | am concentrating on getting fingers
right...which takes a while. ttan takdonger towork out thesumthan itdoes to

work out the sum in my head."”

What insight from a childvho herself ishaving difficulty with arithmeticShe focuses on the



two features emerging froelementary arithmetic thabuld create a dichotomybeing able to
do andthink at the same time. Dointpe first may get in thavay of the second but within the

classroom environment there can be clear difficulties in making the choice:

“If we don’t [use our fingers] théeacher igyoing to think, ‘whyaren’t theyusing
their fingers.....they arpist sitting therehinking’...we are meant to basing our

fingers because it is easier....which it is not”. (Amanda, age 9)

The dual face of numbers

Through their experience of a counting procedueng chidren learn to associate a counting
actionwith a sequence of numbesords. The last numbeword tells themhow many things
have been counteand, with familiarity, the child canuse this numbeword to stand for
countable itemgsee Maclellan, Chapter 4, thislume). So, whertounting five objects the
child points to each object in turn and repeats the sequence of nwotosr “one, two, three,
four, five”. The final five tells them that “five” have beeounted.Later when they hear the

word “five” or see the symbol “5” they may associate these things with five countable items.

One of theinteresting things about numbexsd, no doubbne that we allknow but do not
make explicit to the children we teach, is thattveat them as if thewerereal ‘things'— “five

is half of ten”, “three and four make seven”. Thotulyére is no need to associate thimegs

with other, real life, objects to make sense of them, we can do so if we wish.

Early counting experiences associatenbers withthings. By doing so it is possiblbat for

the learner the notion afeven lines may have qualitativellittie difference to the notion of

straight lines. Of coursehere is one dfierence,the first is the result of an action and is
arithmetical, thesecondthe result of perception and is geometrieédwever,the word seven

and theword straight may be associatedith the objects tawvhich theyrefer, they may be
properties ofthe set oflines. To continue associating numbers with other objects is very
limiting. To say“my sister isseveii may have a similar quality teaying“my sister istall’.

The seven is concretised by being associated with real items: the numbers are used as adjectives

and associated with other nouReal power inarithmeticderives from not only beingble to



see this but to also see the numbers as nouns — as ‘thingsh Wé do this wean establish
relationships between the ‘things’, something eyeuang children after theiinitial experience

with counting can do. They will tell us that the things can be seen differently. Nicky (5) looked
at the two expressions 2 + 1 and 1 + 2 and saée ‘those two, they are bdkie same, they're

both threé. Paul, his friend,thought he could givall of the numbersthat makefive. He
started by sayingTwo things together make a numband quickly he reeled of examplésat

make five, “..two andthree, fourand one, fiveand nothing. He had some trouble with one

and four but decided he could do it if he counted.

Within thesetwo examples we seewvo different but complementary aspects of eucal
symbols whether spoken or written. They refer to countable items and they comprefisaideas
allow us to see other relationships. Thdbkat recognise symbolic ambiguity whickither
triggersthe re-creation of the numbtrough a countingrocess or its use as a thing have a
very powerful tool at their finger tips. Those that don’t, like Josaphmore unfortunate—they

only have half of the key available to them. Unfortunately, this is the more difficult half.

Compressing counting procedures

Children’s growing sophistication in handling counting procedarag beseen as aexample
of a steady compression whiclan eventually permit choice between these andusiee of
number concepts. We can see this by considering the relationship béteegititionprocess

and the concept of sum as seen in the addition of 4 + 3.

The most elementary method used to carry out the addition process is to objettd, (1, 2,
3, 4,) then to count 3 objects, (1, 2, Bi¢n to putall the objects together and count tteaal,
(1, 2, 3, 4, 5, 67). This succession dfiree separate countiqocedures isalled “count-

all”.

The next stage occurs when it is realised that it is not necessary to count togetfafowed
by a set of three. One of the numbers, 4 for exanmmdg, beseen as a numbebject and the
child can simplycount-ona further 3 numbers ithe numbersequenceThe sum of 4+3

becomes4, 5, 6, 7. We may see “count-on” as another procedseel tocarry out the



process of addition. It may be spontaneously constructetirarghted” by children(Baroody

& Ginsburg, 1986), “personalised” (Gray, 1991), or “taught” (Fuson & Fuson, 1992).

An important aspect of the two counting procedures used to carry out the addition process is the
procedural compression signifying a change from lengthy procedures associated with count-all,
to the more contracteshes of count-on. Howevethe movefrom one tothe other is not as
simple as itseems. Count-on is sophisticated double countimgocess. Tocalculate 4+3
requires not only counting on beyond 4tle number sequence kalso keeping a chedkat
precisely three numbers are being counted. In the infant classawseesome childrerusing
counters and others usiriggers. Sometimes theonly evidence that the child is counting
comes from the close observation whaifows a nodding headjoving eyes or moving lips.

Joseph tried this but he couldn’t easily keep two numbers in focus at once.

Of course we shouldn’t preteridat count-alland count-orare theonly classifications which
describe the steady compression of coungiraceduresSteffeet al (1983) provide us with a
clearer picture of thehings childrencreate when they count; they indicate growing
sophistication in the objectssed.Children may even change timembers aroundstart with
the largestbecause it is nearer the answand count-orthe smallest. Baroody an@insburg
(1986) see thiglistinction not only as an important step thie way to learning more formal
arithmeticbut, they suggest, ialso provides amdication of thechild’s efforts to reduce the
number of steps antthe timeused tocarry out theprocess. @ite clearlythen it ispossible to
provide even finer gradations than thdisat form the focus of this chapter. Recognising them
may provide insight intahe way in which children’shinking is developing. Fixation on any
one mayprovide a longerterm prognosis ofthe child’s achievement in arithmetiand in

mathematics as a whole.

It is not our purpose to dwell on the finer details but to provide a coarser analysis which may be
useful within the classroom and provide a sense of where such procedures may lead to. It is the
notion of “compression” which helps us do thishiéhever form of classification wese, the

coarse one or the finggradations which give a more détdi picture, we seethat with

experience children compress lengthier procedures into spooeeduresThe procedure may



not only be quicker but it is suggestibatits operation alsaises up lessmemory space and

makes it more possible to directly link the inputs to the outpuksievthe solution.

Directly linked to 7, thesum of 4+3becomes &nown fact.In any isolated incident it is not
easy to distinguish whether or not suelts are meaningful or rolearned.The difference
may only become apparemwhen suchfacts are decomposed and recomposed to gigaved
facts' (see Thompson, Chapter 6, this volume). For instance we maypeisact thatd+3 is 7
to derive the facthat 14+3 is 17. It would even be possible to aisetherknown fact such as

4+4 to derive the sum of 4+3.

By considering the compression of counting procedures we can begin to sedeaidysvhat
the experiences we give children may be leading to and, more importantly, wheadpéience
is telling them. Count-all and count-on evoke differgmtocesses o€ounting whilstknown
facts can evoke the concept of su@onsequently when younchildren are presented with
elementary number combinations such as 4+3 they can interpret the notatiorjualitedively
different ways; as arocessto do, which can beprogressively compressed to imanipulated

as a mentabbject

The child who has compressed counting procedurekimdwn andderived factgossesses a
powerful tool with which toachievesuccess irarithmetic. If they encounter problems with
larger numbers they are able to use the knowledge they almaady As corhinationsbecome
more difficult those whé&now facts andisethem flexibly find arithmetic far easier than those
who have to carry out countingrocedures. For sucthildren subtraction may become just
anotherway of looking ataddition; it is relativelyeasy forthe flexible childwho canuse a

related addition fact.

Such flexibility can be seen in stark contrast to the difficulties experienced by the children who
use counting proceduresThese proceduresiay besuccessful forsimple combinations but

they may become extremely difficulbr larger numbers.Concrete materials can hesed to
support (or rather, avoidhe double countinghat is so frequently a feature ohildren’s

difficulties. This can give the semblance pfogress whetittle progress hasctually been



achieved and the subtleties of the double-counting otdlimt-on algorithm have ndieen
sufficiently well appreciated to be carried out without physggbports. Joseph’$ailure
without concreteaids and hisventualsuccess with themalbeit with small numbers,aptly

illustrate this point.

The childwho relies on count-offior addition is much more likely tose itsinverse,count-

back, for subtraction. Thisan behorrendouslydifficult even with some physicatupport.
Consider Jenny who attempted to count-back 13 from 19 keeping a ch#duk double count

by using her fingers.19, 18, 17, 16, 15, 13.....14, 15, 14, 13,.”. It is surprisingthat

she arrived at the corresblution. Though shalmost immediatelyecognised her miscount at

15 this caused her some added difficulty: was she counting-up or counting-back? To overcome
such difficulti we often use a number line to help children count-back bun#yshave datal

flaw. Counting back on a numb&ne may be no more than an examplesofgle-counting,

hardly more sophisticated than count-all, anchéty not generalise into a flexiblerm of

subtraction.

The numerical procept

The evidencesuggestghat there aréwo main interpretations odrithmeticalexpressions such
as 4+3. One makes use of numerical concepts and relationships whilst the otherttiggees
of countingproceduresThese lead us to an important featureuihmetical syrbolism. Not

only does it provide a sense of whatltwbut also what t&now

Now we begin to see what is so special abarthmetical syrbolism. It isreally so very
simple. Numerical symbols don’t represent either a process alject; theyrepresent both at
the same time. Consider, as an examplesymbol “5”. It can bewritten....it can beseen. It
can be spoken ....it can be heard. “5” represtetiusion of a number name withcaunting
process. Wean recreate the countipgocess whenever we st symbol or hear ithame.
But we canalso usethe concept of “five"without any reference to countabtems. Many
different processes give rise to the objectfive. Not only the process of

counting...one...two...three...four...fivebut alsothe process of adding four anahe, of



adding three and two, two and three, of taking three away from eight, or two awageivem,
of halving ten, and so on. All of thepeocessegive rise to the samebject. The symbol “5”
represents a considerable amount of informatiorleast the countingrocess by which it is
named and carept or idea bywhich it is used. Grayand Tall (1994) beleved such a
fundamental ambiguity deserved @#n terminology. This ismbraced within the notion of
procept a symbol which ambiguously represents bmtbcess and carept. There are many

numerical symbols that evoke either process or concept:

*  3+2is either the processadditionof 2 and 3 or the concept of sum, 7

* 3/4 can mean (amongst other interpretatidhe)rocess ofdivision of 3 by 4 or

the concept of fractiofy

»  3x4 represented the processepeated additionand the concept of product, 12.

Not all mathematical symbols are procepts but they do aeiclaly, particularly in arithmetic,
algebra and aspects of higher mathematics. We may consider number as a procept—process and
a concept represented by the saymbol. Children who usecount-all recreate thprocess
embedded withireachsymbol. Childrenwho use count-omay useeither theprocess or the
concept: they may treat one number as an objectisathe processembedded in the other to
increment in ones. Though usually shorter than count-all, count-on remains a cpuntess
which takesplace intime. By using it achild may be able to compute thmesult without
necessarily linking input and output in a fothat will be remembered asrew fact. Some
children — often with a limited array of known facts — may become so effici@auinting,that
they use it as a universal meththat does notinvolve them in theisk of attempting tause a
limited nunber ofknown facts. Howevergount-onmay lead to development ofpaocept. It

can produces a result that is seen both as a counting procedure and a number concept.

The proceptual divide

In the earlystages, nuiver is widely seen as a countipgocess. It isonly whenthe child

realisesthat the nurber of elements is independent of tway in which the elements are



arranged and of the order in which thee counted that numer can begin ttake onits own

stable existence as a mental object. During Key Stage 1 most children count at least some of the
time, and some children count all the time. Those who count quickly can succeed in the number
facts to 10 almost aseM, and sometimes better, than thagkeo know orcan manipulate

number facts. But those who achieve higher levels do so because they begin to see numbers as
mental objects to be manipulat@@ray, 1994).The moresuccessfumay still count, but they

do so less antéss,and whernthey do count theusethe techniquesparingly in subtlevays

which are more likely to succeed than those that continue to count on a begidaihe latter

may develop intricate counting techniguesngimaginaryfingers, parts othe body, selected

objects in the room, and so on,dope withthe number facts ttwenty. But in doing sathey

give themselves a harder job to do than those who use number facts in a flexible way.

The divergence between thosbo interpretprocesses only as procedures #rateforemake
mathematicharder for themselves, and thdkat seethem as flexibleprocepts iscalled the
proceptualdivide (Gray & Tall, 1994). It is hypothesiseithat the difference betweesuccess

and failure lies in the difference between tise of procepts angrocedures. Those who use
procedures where appropriate and symbols as manipulable objects where appropriate are said to
be proceptualhinkers. It is further hypothesisdidat count-on is one procedutkat causes a
bifurcation between those who displéne ability to think proceptuallgnd thosevho think in

terms of procedures (Gray, 1993).

This divide betweesuccess anthilure is found throughouthe mathematicsurriculum. At

any stage, if theognitive demands othe individualgrow too great, itmay be thasomeone,
previously successful, founders. Like Josetbley mayask“tell me how to do it”, anxiously
seekingthe security of a procedure rather than the flexibilitypodcept. From this point on
failure is almost inevitable. It is for this reason that mathematics is known chiefly as a subject in

which people fall, fail badly, and fail often.

Implications for teaching and learning

If number is seen as flexible procept, evoking amental object, or a countingrocess,
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whichever is the more fruitful at the time, then childeee likely to build upgknown facts in a
meaningfulway. Thusthe “fact” that4+3 is 7, becomes a flexiblevay of interchanging the
notation4+3 forthe number 7. If 4 is takeinom 7, then this numbedriple tells us that the
number 3 remains. In this way, seeguigition as a flexible procept leads to subtraction being
viewed as anotheway of formulating addition. Successfahildren learrhow to derive new

facts from old in a flexible way.

It helps us to realise that what we need to do is to diethildren achieve the flexibiorm of

thinking developed through compressing numgpercessesnto concepts. But at its highest

level suchflexibility is only achieved if childreralso know numbefacts and numbetables.

Too frequently, for some childrenpunting becomes thecus of attention. Thisan make it

very difficult to compress the number processes into an object. We not only need to provide all
children with opportunities to think abotiite power andfexibility of the symbolism but for

some we need to give opportunities whidly help them to makeecessary links between
combination and output without the use of a lengthy procedure. One method may be to give the
child a calculator at the appropridbme. Of course this in itself will not help childréearn
number facts but it would help them to relate similar problems and oliberpatterns With a
‘supercalculator’, aalculatorwhich hasthe potentiafor a graphicaldisplay, achild may see

on displayat the same timeot only the fact that 3 + 4 is equal to 7 butalsothat 4 + 3is 7, 2 +
5is7,9-2is 7, and so on. Because several combinations can be built and seen in sequence a
child can easily try 13 + 4, 23 + they may begin to seepattern. By providinghe super-
calculator we are nobnly give analternative representatioior the numbers but we also
provide analternativeway todealwith them. We offer a ‘button pressing’ procedure which
permits the child to see a representatidrich includes inputs and outputs without lengthy
counting proceduresiitigating against theiconnection. In such a way weay help the child

appreciate the pattern and develop some flexibility to solve harder combinations.

Will such a strategy improve all children’s abilityaithmetic? Insome sensethere may be a
problem. After all if some children, because of their lack of succemstlanetic, turn tausing

procedures whilst we may want take thenflexible, it may be that théest wecan do is to
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teach thenmprocedures to ake themflexible. In otherwords we don’'t makehem really
flexible atall. Simply givingprocedural children more examples to practise may help them in
one way; itmay make therocedureghat theyuse alittle faster and perhaps ldatle more
efficient, but in other ways it could be very damaginghiat what they do without guidance is
to develop their own idiosyncratic methods whicliagat make the mathematié harder. We
therefore need to combine the practiceghafse facts whiclare essential buildinglocks in the
system with the flexible means by which they can be maniputated easily. Thisnay mean
practising number combinations so that they become automatic, but this mustanihreetic
in the context of somethingshich must be learned byote. Those whaare successful at
arithmetic have more thathis. They usethe facts theyknow to buildthe onesthey dont't
know. They see the arithmetical symbol is in a flexible way: it is both a process eviaibles

them to do mathematics and a mental concept which enables them to think about it.
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