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ABSTRACT

In this paper we considerthe quality and use of magery asdescribed byeight to twére-year-old
children atextremes of athematical aclevement. Theanalysis considersthe relationship between
children’s interpretationand description of imagdsggered bywords, symbolandicons and imagery
associated with mentarocessing of numbetombinations. Children of differersichievement tend to
concentrate ordifferent objects or differerdaspects of ambject. Thisleads to qualitativedifferences in
imagery: that oflow achiever’s’ tends to be episodand activewhilst that ofthe ‘high achievers’tends
to be semantic and generative. This contrast is reflected in the different usagey.For the former it
appearsessential tothought, tothe latter it is athought generator. Weuggestthese distinctions
contributetowardsthe successnd failure in simple arithmetiseen inthe qualitatively different thinking
associated with the proceptudivide.

INTRODUCTION

The focus of this paper is to seek further insight into children’s successuoe faithin elementary
arithmetic. By considering imagery and its usesgek toadd afurther dimension tdhe discussion on
gualitative difference ithinking (Gray, 1991;Gray & Tall, 1994).

Children usemagery in their thinkingmore than adultgKosslyn, 1980)and through their role in
the child’s thought processesthe properties of images wilhave far reaching consequences on
children’s concepts and reasoning (Bruner, Oliver and Greenfield, P&get andnhelder, 1971) and
thereforeplace major onstraints on cognitivprocessesGonzalez and &lers (1982argue that in the
context of arithmetienental representations thfe objects will effect mental operations .

In our consideration of children’s use afidgery in elementary arithmetic we develmr argument
within a framework which adds farther dimension tdhe suggested divergence in thinkitigat arises
from qualitatively differentinterpretations ofarithmetical symbolism (Gray and Ta 1994). Our
discussionevolves fromthe Piagetian notion ofinteriorised action’(Beth andPiaget, 1966) and
focuses on children’s success and failurenaking thecognitive shift associated ith interiorisation.
Gray (1991) observedhat such ififerences mayarise because of qualitativetlifferent thinking. The
‘less successful’ focus othe use of procedures aride development of competence in utilising them,
whilst the ‘more able’ demonstrate flexibility inthe use of efficient procedtes and/orthe use of
encapsulategrocesses. It iour intention totake the debatefurther by associatinghe notion of
achievement and ‘qualitativeifference’ with the part that imagery maplay beforethe quality is
communicated. At issue ihe notion thagiven the opportunity tocarry outactions on objects all
children will abstracthe actions underscoring an arithmetical process and encapthdagactions as a
concept.Our evidencesuggestghat of considerable influence in making such a cognisikét is what
the child ‘chooses’ to conceptualisand the use theymake of such knowledge. Wesuggestthat by
focusing on different actions and/or different aspectbefiction, individual children may ‘encapsulate’
different things. This mapromote images whichre not only of a different quality butdependant on
this quality,arealso subject to different use. @me hand it provides aaid tothought whichsupports
flexible thinking. Onthe other it is essential to thought confirming a procedural dimensltdoh causes
greatdifficulty and eventually leads failure.



ACTIONS AND SYMBOLS

Our attempt toseek insightinto the role of imagery insuccess and failure withielementary
arithmetic cannot belivorcedfrom the modalities that generathe image.Theseare largely visual and
tactile but wecannot ignore the auditory since qualitieghefother two may beharpened byhe child’s
interpretation othe focus ofattention directed bthe pedagogue.

"l find it easiernot to do it [simple addition]with my fingers becausemetimes | get into a big
muddle with them [and] | find it much harderadd upbecause | am not concentrating on the sum. |
am concentrating on getting my fingers right...which takes a while. It can take longer to work out the
sum than it does to work out the sum in hsad. “If we don’t [use our rigers] the @éacher is going

to think, ‘why aren’t they using their fingers.....they are just sitting there thinking’...we are meant to
be using our fingers because it is easier....which it is not”. Amagda, age 9)

Whatinsight from achild who is herselfexperiencing difficulties; she ittempting to decrease her
dependence on perceptual items and concentrafegaral representations dfems (see Steffe, von
Glaserfeld, Richardand Mbb, 1983). Ofcoursesuch a transition may be fraughtithv difficulty,
particularly if associated it an interpretation of thinking unrelated to cognitiveality. Suich an
instance is provided byames, a nine-year old, whose effort to ussgers in myhead causedevident
tension and wasnsuccessful. Fofames this appeared to be a natural transition, it wgsehigption
of what others weraloing. He twanted to be likéhe clever children[who] did things intheir heads.
He didn’t realisehatthey weredoing thingsquite differently. In his response towumberwords and
symbols James was tryirmpd do something in hishead by actuallyrepresenting a countingctivity
which involved usingfingers. Hedidn't realisethat the‘clever’ children wereusing numbeifacts that
they ‘knew.

Within our context for our discussion ighe way in which actions orconcrete objects become
mathematicalbstractionsThe notion of numericatoncepts being formefitom actions withphysical
objects formghe backgoundfor the conceived cognitive development of simplathmetic (see, for
example, Piagetl965; Steffe, et a| 1983; Kanii, 1985; Gray and Tall1994). However, though we
know such ashift takesplace we doot know how ittakes place. Notionssuch as “interiorisation”
(Beth & Piaget, 1966) and “encapsulatidiyubinsky, 1991) dravattention tothe result of the process
wherebydynamic actiondecome conceptuantities butthere is little togive us a sense dfow these
notions may be developed. Sfar@991) indicates thatthere is a threephase process.She sees
acquaintance ith the process,'interiorisation’, and the eventual squeezing of lengthy sequences of
operations, ‘condensation’, aguantitative changes precedirthe qualitative change denoting an
ontological shift. This shift is described awification, a process through whichnaw entity may
become detached frothe process which producet In a sensesuch notions indicatéiow growing
procedural competence may provide a platform for procedurehpsulation. However, thougfard
does suggestthat “some kinds ofinner representation [verbal or visudif one kind of [mode of
thinking] better than another” (@), there ardew examples othe sorts of magery that magpssociated
with these phases, howsuch imagery isused, and the pasible consequences of any qualitative
differences in it.

Though such imagery forms the nucleusoaf attentionthe issue ofretrieval is a contentious one
that generatesmodels focusing on either fact retrievdbr example. Ashcraft1982; Seigler and
Shrager, 1984Cambell andGraham, 1985) or on bothdividual fact retrieval and rule armmtocedure
generated responses (Barooti985; Baroody an&insburg, 1986)Differences inthe use of the two
were observed betweedifferent children and within individuathildren by Gray (991) and these
differences revealed a divergence in thinkimbich led to initial conclusionsabout the prefeences
children had wherdealing wth unknown combinationsSome wished to remain at a procedural level,
which, in terms of information processingadethings very difficult for them, whilst others operated at
a conceptuakevel which was verf§lexible. The notion of divergence stemmed frdhe observatiorthat
the less able who relied extensively on procedueee “making things more difficult fothemselves and
as a consequent®come less abldGray, 1991, p. 570). In contrasite aliity to “compressthe long
sequences [of procedures] appeared to be almost intuitive above-average child”(ibid).

This dstinction was later placeditin a teoretical contextwhich emphasisedhe duality and
ambiguity associated itk interpretations ofmathematicasymbolism (Gray & Th 1994). Symbolism
may represent jarocess talo or a corcept to know and to emphasise this double meaning tuyed
theterm procept. It is suggestedhat theability to recognise and useathematicalprocepts givegreat
flexibility to the learner. They have thechoice between doingnathematics byusing a procedure or
drawing upon relationships inherent imderstanding a concept. Thinkiragsociated ith such
flexibility Gray & Tall termedproceptual. The manifestation othe divegence between procedural led
to the notion ofthe proceptual divide, and proceptual thinking. Though ithgpothesisedhat such a
divide can occur anumerous points irmathematicaldevelopment, Gray 1093) placed particular



emphasis on that whiabccurs duringhe @mpression of counting procedutieto humerical concepts
and, in particular he saw count-ontas point of bifurcation as iseen in Figure 1.

PROCEPTUAL THINKING

Meaningful known facts and flexible
use of counting procedures

1

| Proceptual Divide
1
Y

PROCEDURAL THINKING
Counting procedures and rote learnt

Count-all = Count-on

Procedural compression is
associated ith  qualitative
changes in conceptual entities
and “involves the transition
from enactive concepts to the
construction of novel
mathematical objects”(Caobb,
1987, p.3). Within Fgure 1
we see this as a cqmession of
the lengthy count-allprocedure

facts

into the shorter one that is
count-on. . It is conjectured
count-on may be a source
ivergence irthinking. One
route leadstowards flexible
proceptual thinking associated with the abstractiotne@process ohddition aghe concept of sum, the
other leads tdhe development ofthe proedural competence associatedthwapplying aparticular
process. Evidence fdhe dstinction has largelypeenobtained by considering maptual and symbolic
differences whichwere observeddirectly and/or reported bychildren. However,interpreting the
distinctions has ndiaken into accourthe role of imagery in the qualitativeiffitrences that arise. It is to
this that wenow turn

Procedural Compression

Figurel: A proceptual divide formed from qualitatively different compressfgﬁé
of the count-omprocedure. 0

IMAGERY AND NUMBER PROCESSING

Piaget suggestethat new knowledge is constructed likie learner throughthe use of “active
methods” which required that “every new truth tddmrned beediscovered or at least reconstructed by
the student” (Piaget1976, p. 15). His iterestlay in the way that the coordinations ofthe actions
associated ith active methodsbecame mentaperations. It wasot the objects themselvethat were
important butactions onthe objects. Wether or notall children who display competence in the
procedural aspects @arly number activitiesundergo this process of constructive abstraction—which
Kamii (1985) suggests is a airuction ofthe mind rather than somethinthat exsts in objects—or
indeed whether or not they abstrétwt appropate thing is amute point. The abstraction of aasic
counting unit mayform a platform fromwhich children may gradually replacdower count-based
approaches witimore efficient fact retrievaprocesses. Howevethrough our insighinto children’s
images we suggesitat such procedurabmpression may not be sasily achieved blow achievers.

Images belong to an environment which is confined to the ohdili They areaestricted to a world
no one else can enter aefforts to considethem arefraught with difficulties; our understandincglies
upon words and/or picturdsit because dheir disguised nature it is only possiblentake conjectures
aboutthem. Well wrappedpossessionsthey may be covered inany layers and sometimdsund as
discretepackages. We may believe it is possible to shiaepackage téind out what isinside, but by
doing this we risk breaking. The pitfalls, particularly interms of operational definitions and
interpretation, are clearly identified Bylyshyn (1973).

It hasbeen traditional to @racterise mental regsentations as symbolic: a pattastored in long
term memory which denotes or refers to something ouitsdé (Vera & Simon, 1994). Gch a
characterisation is based dme assumptionthat the knowledge structurepossessed bjiumans are
symbolic representations othe world. It is suggested, thouglcontroversially so, that these
representations divide intanalogical andpropositional aspects—essentially sensdgpendent and
language like representatioidie classical analogicaépresentation ithe visual image—though images
can be formed from other adalities—which appears tmave all of the attributes ofactual objects or
icons. Seron, Pesenti, Noelglbch andCornet (1992) suggeghat quantity directlyrepresented by
“patterns of dots ootherthings such athe alignment ofapples or dar of chocolate’{p. 168) may be
deemed to banalogical. Such imagery is ‘characterisediteyappearance ithe absence othe objects
to which it refers’ (Mead1938, p. 224)They take up some form of mental spacehin sameway that
physical objects take up physical space and tiagybe mentallynoved or rotated (se®oden,1988).
Propositions, asnental repesentations, may represerginceptual objects and relatiottgough, for
example, mathematical symbols or spoken words.

Therelationship between different forms of representations may be seen thhaughesentation
and solution ofarithmetic facts (Deahenne &ohen, 1994).Symbolic, verbal and analogical
representations suppdhe transcoding of numbers into whatever interc@de is equired forthe task in
hand. Symbolism promotedrett verbalroutines andlexible transformations by proceptual thits.
Amongst procedurathildren, where symbolism imore iconic (static) we seethe occurrence of



analogicafforms of imagery which may inhibit the potential fixible interpretation. To consider such
a relationship we assuntigat animage is mediated by description (Kosslyn, 198@®ylyshyn, 1973).

PRELIMINARY CONSIDERATIONS:
A FRAMEWORK FROM WORDS, ICONS, PICTURES AND SYMBOLS

The focus otthe work within thispaper arisedrom the ndion that anindividuals imagery ohon-
arithmetical objects may carry some similarities or relationships to imageryaritfameticalcontext. It
is fundamental tahe thesis of this papethat different qualities of mathematical abstraction are
dependant upothe perceived reality omathematicabbjects. Inthe arithmetical context such an interest
leads tdour research guestions:

()  Which object andvhich aspects ofhe object are dominant in children’s imagery when
dealing with elementary numbeombinations?

(i)  Which action and what particular aspectsthaf action do children take into their minds
when solvingelementary number combinations?

(i) What isthe quality ofthe image generated as a resulttaf above considerations.

(iv) To whatsort of use is this imageut?

To gain some insighinto the answers tahese questions a series ahap shots of 24children
representinghe chronological agefom 8+ to 12+ wereconsideredThe children were selectdtom
the extremes oimathematicabchievement. This provided a sample consistinghmafe children within
each of two achievemebgands, ‘highachievers’ and ‘low achievers’, across tbarsyears of a middle
school inthe English Midlands, 24 children iall,. To establish a relationship between children’s
gualitatively different approaches to simglathmetic and the quality of their imagery we examined
children’s esponses to ange of auditory and visual stimulichievement was easured by children’s
levels in theStandard Assessment Tasks of England and Wales (SC29¥) or scoresbtained in the
MathematicalConcepts and Skills componentstloé Rchmond Attainment Tests (France,et al 1974).
Children were interviewed individually faralf an hour on deast four separate occasiomger aperiod
of eight months. Though it is imagery associateditiv obtaining solutions teelementary number
combinations that is themainfocus of this paper we start our analysis by presenticaniaxtfor later
discussion.

In thefirst phases ofhe interview sessions thehildren werepresented with a range of auditory and
visual items and were asked to talk freely about their imagery andcarhattanind with each item (see
Pitta and @ay, 1996).Thoughthere are amndefinite number ottonclusionshat may bedrawn from
each item,the analysis ofthe results of thiscomponent indicatethat similarities inthe children’s
descriptions ofmageryare renarkable both for their consistenagrossthe range ofitems,and for the
differences they display betwe#re ‘high achievers’ and the ‘loachievers’.

When responding to the auditoitgms ‘low achievers’ tended to highlight the descriptiygalities
of items which were strongly personalisedjualities alsaevident vihen the children responded to the
visual items. Howevetthere was #gendency to associatbese items ith a story inthe sensethat they
were seen as picturehatrequired colour, etail and a realisticcontent. In contrasthigh achievers’
concentrated othe more aktract qualitiewithin both series of items. Thoughey initially focused on
core concepts, they could traversevitita vertical netvork of knowledge through which they abstracted
these notions or representatiorfatures. Anoverall summary ofthe analysis of the children’s
responses tthe auditory and visual items is given in Table 1 (adapted from Pitta &1524).

The speciafeature of mathematics
Table 1: A comparison of children’s interpretations of words and ic@isits  symbolism consequently, the
auditory and visualtems thatformed
the focus of the first phases of the

Low Achievers High Achievers

concrete reality which needs
focusing.

Given colour, detail and
realism (with imagination).
Display “horizontal”
thinking- 'imaginary’
extensions’ similar in
quality.

Imitation

Able to ignore detail -
concentrate on interpretation
“Vertical” thinking associated
with free  movement between
abstract and descriptive
aspects.

Thought generator

Words = Concretised = Focus on abstract qualities StUdy InC|Uded numerlcal items
= Unable to reject information | = Able to reject information present_ed both i oraIIy and
= ‘Horizontal’ thinking—| = “Vertical’  thinking. Direct symbollcally. These items, vhich

directed towards surface attention towards core . o P ‘ y e 1
features. features or definitions. InCIUded flVG ’ 5’ half and E
> _Imitation = _Thought generator evoked qualitatively different

Icons = Interpreted as a “picture out| = Concentrate on abstract responsescrom children of the two

of focus” anincomplete qualities. achievement groups. These bore

striking similarities to theasponses for
the non mathematical itemsand they
reflected the degree toithin which the
children were nvolved with the
abstract qualities ofthe numerical
objects.The higher the involvement the
more the child wasble to talk about



the items at aimpersonal level. When hearirthe word ‘five’ or ‘half’ ‘high achievers’ frequently
referred to thesymbol, when seeing the symbol they frequently upbdhsessuch asft is” to illustrate
the sematit aspects ofhe object. For example, the word ‘five’ drengsponsesuch as it is two plus
three, one hundred take awayinety five, or “it is prime because it isnly divisble by oneand five'.
This doesnot mean tcsay that they did nattachqualities arising from episodic memoryché as thad
five candles on my cake for my fifth birthtlap theseitems; “high achievers’ were able to doth. On
the other hand ‘low achievers’ almoalways displayedxamples of episodic meany, corcretised the
item, “l havefive fingers, or associatedts use with somearithmetical action such asounting. The
gualitative dfferences betweethe esponses adte ‘high achievers’ andhe ‘low achievers’ may be
summarised in Table 2 (adapted from Pitta and Gray 1996)

Table 2: A comparison of children’s interpretations of symbols A comparison ofTable 2 with Table

Low Achievers

High Achievers

Symbols Order to carry out an action

Concretised by either:

(a) associating with @
concrete item or

(b) identifing as an icon.

“Horizontal thinking”

demonstrated through

procedural association.

Imitation

= Recognised as both the holder
of an idea and an action.
Detached from concrete

qualities, associated with
abstraction

= “Vertical thinking”
demonstrated by  proceptual

flexibility.
=« Thought generator

1 indicateshow the magery associated

with non-arithmetical objects may carry

similarittes wth imagery of named
arithmetical objects and sybols. Such
similarites may be summed up by
concluding that images of the low
achieversare episodic and active, whilst
those ofthe high achieversire semantic,
and generative. We usehe terms
‘episodic’ and ‘semantic’ to draw a
distinction between imageshat arise

from memory associated with the recollectiorpefsonal happenings and everatsd images associated
with organised knowledge associated with meaning and relation3tipsormer isbased upon access
to former experience, thiatter does not depend updhe learning episdesthat providedthe basis for

knowledge (see, Tulving, 1985).

IMAGES IN SIMPLE ARITHMETIC.

After the auditory and visualtems thechildren werepresented with a series ohe andtwo digit
addition and subtraction combinations, #tample,6+3, 9-5, 13+5, 15-9. Responsesre obtained
through semi-structured interviews recorded by fiedtles,and audio and videtapes. Children were
asked to talk freely about their imagery and wdzhe tanind before and durinthe solution processes
for each item. Thesolution strategiesvere classified as in Gray &Tall (1994). Whilst external
representationsvere partially identifiedhrough children’ssensorymotor activity, evidence of images
relied extensively on verbal and written descriptiontbg children.
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Figure 2: The use of imagery and other approaches when solving elementary number combinations by children

) at extremes of achievement o ]
Approaches to thaumerical element aftudy indicate that there i<kear distinction betweethe variety

of strategies used ke ‘low achievers’ and the ‘higlachievers’(See Figure 2).

KEY
Il Perceptual Objects

Simultaneous engagement
perceptual objects and
imagery

Imagery

[ unclassified

Unclassified responses (see aadnt key) were thosewhere it was
difficult to obtain aclear notion ofwhat the child wasdoing. These
responseglid not includethe use of pereptual items and weritequently
obtained when childregave autmatic responses. Though use ofcpptual
items dominateaverall, therewas evidence ahe use of imagenacross the
spectrum ofagefor addition and subtraction combinations tém but the
combinations to twenty onlgvokeddescriptions of magery from amongst

the eleven and twelve yeaslds. In contrast, no highchievers used pmptual items tosolve the



combinations buthe use of imageryvas reported across the spectrunthef age rangandthe range of
combinations. Within each group the number dfginle responsesr combinations to ten is 54 whilst
for twenty it is 60.

Clearly such esponses give rise to two issues:

() the place ofverbal imagery. Suchmagerywas not clearly identified within thetudy,

(i) the quality of automaticresponses.There wereclear dfferences inthe way children of
different achievement talked about automatiesponses. ‘Lowachievers’ tended to use the
phrase “thought it”, high achieverthe words“knew it". In such instances ‘low achievers’
would report seeing naniagerywhereasthere was &trong likelihoodthat high achievers did
see imagery isymbolic form.

Although the range of strategies used to obtain solutawa of interest, the proportional use of
strategies associated with proceduat proceptual interpretations of symbolism differy little from
those reported by Gray and Tall (1994)

From Figures 2 the following appears todiear:

* Amongst low achievers withirachagegroupthere was anncrease irthe use of perceptual
items as thecombinationsbecame mordlifficult, Such anincrease was associatedthw a
decline in the reported use of imagery.

* Amongst high achievers there was an increadbeiuse of magery as combinatiortgecame
moredifficult.

Such evidence could aourse be pointing towards two differahings. Taking the achievement
groups aglistinct groups it supports thieotion of qualitatively different thinking. Takinipe children as
a whole we could conclude that it increases our awareness that imagery is a mediator thetuseiof
perceptual objects and automagigmbolic manipulatior(see also Steffet al 1983). However, wanill
leavethat debate until anothéime and focus orthe qualitative ififerences associateditiv the imagery
of thetwo groups.

Whereas imagery identified by ‘high achieversls alwayssymbolic inform, imagery reported by
‘low achievers’ was dominated ke analogicaform. In someinstances where it was symbolic the
common feature emerged—there were strong similarities iwdéyein which lowachievers saw iagery
in the arithmetical items and in threay in whichthey saw imagery ithe non-arithmeticalitems. Their
analogical images reflectedhe need toconcretise mathematicabymbols and were active and
indispensable to solutioproceduresFrequently highlydetailed,,theseimages, like those associated
with symbols, indicated the childrenitsability to filter outinformation.

5-4 Analogical images were essentially of two

" different forms;those based on discrete objects
such as counters anarbles,and those which
possessedjualities analogous tothe number

6+3 track ornumberline.
Figure 4, establishedrom diagrammatic

See the five in a line. It
is easier like that. Four
just vanish.

I have this pattern in 000 representations given byhildren, illustrates
mm”;é?gt:fy' Know 000 some of theimages within which counters or
that it is nine 00 marbles appeared to play a central rdleey are

not presented as a hierarchjput as a
g2 demonstration ofthe way in which the
mathematical symbols were concretised. The
instances withinthe figure show how patterns
associated #h numbers are dilised in the
It was six, the patter was six. image. Inthe first example, 5-4, a tepear old
boy describechow five “white counters in a

flashed uponly to be almostinstantly
replaced bythe single counter.The other two
instances were variously describedebles orcounters which possessed colour. Itamjecturedhat
such images couldupportthe later development dknown facts and derivedacts. It maywell be that
the examples given magupport aview thatthe children knewthe responsesut were not confident
enough to rely orthe knowledge.Several ofthe ‘low achievers indicatedhat “...even ifyou know
something itould bewrong so it idetter towork it out” Such a commnt addssupports to theview of
Krutetskii (1976) “Onemethod ofsolutionmay be an obstacle smother” (p.338).

Thoughthe examfes given above did not invoh@unting, most ofthose given by ‘low achiever's
did. In some instances marbles or counters were used in a dynamic way to i@flect—an procedure.
Figure 5 and 6 indicatediagrammaticcopies of representation given by a nine-year-old and an eleven-
year-old. These are associated with the solutions to 9-%aAd

The white dots O00e
arranged in two’s. 00oe

Figure 3: Analogical images based upon discrete obj



In the first we seethe dynamic image thagrows from a pattern of
nine. The procedure used wamunt-back and as each counter was
counted it was moved andgsagned a newumerical value. When the

@ count back offive hadbeen completedhe child knew from the pattern
“that 3 and one makes féur
. ‘ Within Figure 5 weseehow each phase ofhe solution procedure
Figure 4 evolved fromthe previousone. First the “black” seven appeared with
“four whiteballs’. One ofthe ballshad aneight written above it and the
eight moved to take thelace of theseven which disappearethere werenow three whiteballs the one
nearest theight having a nine written over it. This now moved to takeplaee of thesight, and so on.
Children using thidorm of imagery carried out mentaktions whichimitated aprocedurethey
could use vith real objects onthe desk in front ofthem. There are dfficulties however. They are not
only using a mentadouble counting proceduteut incrementing mathematicabbjects seen as symbols
and decrementing analogues of physatgects. Indeed, though amtive mental image afounters was
used bythe child dealing witl®-5, fingers were alsdilised to supporthe counting procedureere is
an example of theimultaneous engagemaedfita mental image with perceptugms. The later were not
a focus of attention in the visual sense; the operation was purely tactile and used tocaumngeottation
which centred upon seeing theotinters in my hedd
Images of discrete objects like counters provided some childittnadegree

of flexibility not associated ith more static imagery like a analogical numb@/‘.
line, or fingers in the head. \Wan leave theexplanation to a nine-year-old

,___
“[with] the dots....it's....it's easiebecause/ou don't have to keep on thinking, .
‘No its that one Ineed tomove, no its that one or that onbgcause it doesn't
really matter which one you move” Al(ra da, 9)

As childrenbecameolder analogicaimages appeared to leore static.They @
reflected the children’s growing awareness ofiumber order asseen in the
number track or anumber line. Symbolscould replace figurativétems but@
counting along the ‘line’ was the doninant procedure used. External
manifestation of analogical images may h&eenmotor acts such asodding or
moving an eye buhe dstinction in the image displaydtie qualitative dference betweerhe imitation
of counting using images of peptual units and countirtat now usedthe number veord assodated
with the symbol ashe counting unit.

An eleven-year-oldhave Figure 6 as aliagrammaticrepresentation ofvhat he
z Z II\ saw in hishead vihen subtracting 20—8. He described the two ‘number tracks’ as

“two calculatorsgoing around in opposite ways in my héabhe figure ‘8’ and
L1 Lat A 20, werethefirst to appearand then these wererossed out” to be repted

by ‘77 and ‘19’. This processontinued until ‘0’ and ‘12’ were reached.
E -@' An interesting feature ofhe children’s use ofanalogicalimages was the
difference in the quality ofedail given bythe children. The more a child’s use of
imagery oscillated ith the use of pereptual itemghe greater waghe level of
detail associated ith that imagery. It issuggestedthat children who do
interchange betweethe two may be at a transition phase betwdam use of
perceptual items and of ancreasing awareness of motor acts Stadfe, et al
1983). The level of difficulty of the combinations als@ave evidence of this
gualitativechange and in some instancesware able to sethis happening with
individual children. A twelve-year-old, describdtbw for easy combinations,
such as addition combinations ten, for example3+5, she ‘saw two sets of
lines’, one having five inthe other having three. Shelacedthe symbol ‘3’
abovethe three linesand thencounted-on. Ascombinations became more
difficult, and in this case it was subtraction combinationgetn these lines
becamgoined together to fornthe diagrammaticrepresentation of hand. If the
subtraction was Very difficult”, for example,9-5, the child saw a complete
image of her handnd usedhe fingers tocount back. Forall number combinations twenty she used
her actuafingers.

Symbolism enables us to utilise short term memoryetteib effect buthe diffeences between the
‘low achievers’ imagery associateditiivsymbolismand thatdescribed bythe ‘high achievers’, was
stark. It isherethat we may see clearlye ‘low achiever's’ inability to filter out information thus
providing the cortrast between their uneconomical use of memory taadhigh achievers’ economic
use. Here, washould explain that we use thend ‘economic’ not simply tdlustrate differences in the
detail butalso in arrangement as well ggality.

Symbolic images played consideralbsspart in pocessingfor ‘low achievers’ than they did for
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‘high achievers'. It was also reportéat less than analogical images.

8 ¥ Figure 7shows areight-year-old child’sdiagrammaticrepresentation of

|’ 3 3 imagery associated itk 3+5. The child describedhow all of the numbers
2 3 L 7 'S weregoing around in hisiead like incircles. ‘The number | wantmoves out
w and | countthem. Ten they gdrackand new numbers go otn this case it
Fiqure 7 was first the ‘3’and the'6’. Thesebecame blackef than the other numbers.
9 The threemovedback and becamefour andthe six movedback and became
7. For this child such imagery was oalgsociated witmumber combinations

to ten. For theother numerical items perceptual units wesed.

The notion of $pinning’ seemed to be a common feature tbé ‘low achievers’ descriptions,
implying that images remained for sorime andpossessed movemeidven when adding 2+1 aine
year old reported seeing all thle operation symbols $pinning around on one sidgad abig black 3 on
the other’. In some instances images of symbols were associated with approximation. When adding 6+3
another nine-year-old reported seeiagtmble ofnumbers with &nd 9standing out becausthey are
near theanswer” This was a similar response ttwat given by awelve-year-oldwho, when doing the
same combinatiomeported arimage thaconsisted 0f3,6,9,12,15,and 18. “All the numberswere in
the threetimes tablé Whilst the ‘threeand thesix stayedthere becausetheywere part of the nine, the
twelve, fifteen and the eighteen just fall away

Theuse of symbolicmhagery amongst ‘high achievers’ w&s more economical. It wasn't the
word “spinning” that dominatedheir descriptions buhe word “flashing’. Imagescameand went very
quickly. “I saw ‘3+4’ flash through my mind and I told you theswef, “ | saw a flash of answer and
told you’ were the nostfrequent commentthough it was not unusual fdhe children to notehat they
saw both question and answém & flasH, sometimeshe numericasymbol denoting the answer “rising
out of” the symbols representintipe question.

DISCUSSION

The ability to encapsulate arithmetiqgaiocessesnto numericalconcepts provideshe source of
flexibility which utilisesthe proceptual nature of numerical sgolism. The ability torecognise that a
considerable amount @fformation is compressddto a simplerepresentation, the symbol, isaurce
of mathematical poer. This strength deriveom two abilities; first an alility to filter out information
and operate ith the symbol as an object ansecondlythe alility to draw upon the filtered out
information whenever it isppropriate. We suggestat qualitative diferences inthe way in which
children handle elementagrithmetic may bassociated with the their success in being able theke.

In the same way as we have soamised other evidence we may summarise the evidbateomes
from children’s imagery associated with elementithmeticcombinations (Table 3).

Table 3: Comparison of children’s use of imagery in an Comparison withTable 1and 2
arithmetical context clearly shows the simlarites and
differences betweetthe two groups of
Low_Achievers High Achievers children over the range of itemsthat
Arithmetical |* Concretised = Focus on abstract qualities formed the_ basis forcomparlson. We
context = Unable to reject information |= Able to reject information once againsee the tendel’]cy of ‘low
e ‘Horizontal’ thinking—|= ‘Vertical’ thinking— attention ach|evers’ to Concret|se and fOCUS on a”
directed towards | directed towards known facts . . .
procedural asociations with |  or transformations. of the_ |nformat|or_1. Imagery m_ the
variations  of  the numerical context istrongly associated
_ figural/imaginary items | Thought generator with procedural aspects of numerical
e Excessive memory, [ Economic memory good use processes. The Chlldren ) Carry out
overload of WM of LTM-use of symbols procedures inthe mind as ifthey were

carrying out procedes with peceptual
items on thedesk in front ofthem. ‘Highachievers’ appear to focus on those abstractimtsenable
them tomakechoices. Their ability to reject information iggain apparent.

Clearly the generaimpression isthat children ofdifferent levels of arithmeticahchievement are
using qualitatively differentobjects to support themathematicakhinking. Onthe one hand we see the
dominant object being an objecttbk environment, a countable object, the other hand we see itas an
“object of hought” (Piaget1985, p.49) formed through the cognitive shift associated ith procedural
compressionWith theformer imagery is frequently associated descriptive qualitiéseaibject whilst
with the later these propertieseignored until required.

Relying extensively, athey do, on p@eptualobjedives orfigural representations dheseobjects,
‘low achievers'focus on a particular procedure for carrymg the process. The mental actions atear
imitations of actionsthat may takeplace with perceptualitems. They arenot so much associatedith
“knowindg mathematics but withdoing” mathematics. If combinatiorare not krown ‘high achievers’
transformtheminto something that is known.

The result is that the quality of imageygnerated differs considerably. ‘Loachievers’ concentrate



on analogues of physical actiorend where they use symbolism they continueawy out actions
associated h suchanaloguesSuch ativity appears to dominaténought. Incontrastthe symbolic
images of ‘highachievers’,appear toact asthough generatorsThey appear to flash as memory
reminder’s, momentarilgoming to thefore so that new actions or transformations may take place.

We suggestthat such diffeences have oer-riding consequences for children’s haahatical
achievementThe oneconclusion that may be dravior the use ofanalogicalimages is that it would
seem to place @wemendous strain omvorking memory.Gear et al (1991) have suggestedthat a
component of developmental difficulties mathematics is avorking memory deficit. We would
suggesthat onthe contrary thesdow achieversshow anextraordinary use of working mamry. Their
problem is one associatedthvits use andchot so muchits capacity. Not only ighe child maintaining
sight of the analogicalrepresentatiorbut also focusing on discrete numbers tivat representation.
Children such as James and Amanda, seen eatrlier, frequently dizmayal evidence dhe strain that
is involved in mental calculation. They both use imadmrytheir imagery does not offeupport to the
limited space available within shagrm memory.

CONCLUSION

The ability to filter outinformation andseethe strength of such a simple device as aherattical
symbol is sorathing, we suggesthat is not part othe cognitive reality ofthe low achievers. The
evidence obtained frorie series ofitems wthin the current study indicatethat children whaare ‘low
achievers’ in mathematicappear unable to detach themsel¥esn the search for substance and
meaning—no information is rejected, no surface feature filtered out. @vibating imagery thegeem to
focus onvisual characteristics angarts of objects.The similarities, between images associated with
non-mathematical anchathematical items arstriking. The children did not talk about an image as a
skeleton upon which they may pin core ideas.

We believe thathis has serious consequences witichtribute tothe formation of the proceptual
divide. The notion of procedural ompression andhe interiorisation of mathematicalprocesses is
strongly embedded irthe literature. Interpretations of Piagetian notidhgt enactive approaches will
form afoundation for procedural encapsulatiame associated with Bruner's view that pagperience is
conserved through suobnactive approaches. Thisan provide a theoreticabasis for mdtematical
metaphors t@ct asmediators inthe development of mathematicabncepts.The assumption ishat all
children will extract fromthis experienceghat which will enablethem to becoméexperts” in particular
aspect of mathematics. The evidence frims study suggeststhat childrenfocus on qualitatively
different aspects dhe metaphor. It seems to point $och strong sindarities betweerthe mathematical
and the non-mathematical that for satimenotion of a procptual divide may be pre-ordained.

The quality of image formed from enactive approaches is dependant whtiteitdsild chooses to
create an irage of. This will have consequencestim quality of the object which dominatethe child’s
imagery and the quality and featureshef action that is taken intoonsideration. We suggetat these
features will then influence the use to which imsge is putSuch considerationsdd anew quality to
the notion ofproceptualdivide, one that is scstrongly aseciated vith imagery thatdeeper research
considering a longitudinal study afarly number development associatedthwother curricular
development is calletbr.



REFERENCES

Ashcraft, M.H., Thedevelopment omental arithmetic: A chronometric approadbevelopmentaReview 2,
213-235, (1982).

Baroody, A.J., Mastery of basiumber combinations: Internalisation of relationship or fadtsirnal for
Research in Mathematics Educatid®, 83-98, (1985).

Baroody, A. J., & Ginsburg, H. P., The Relationship between Initial MeaniagfliMechanical Knowledge of
Arithmetic. In J. Hiebert (Ed.)Conceptualand ProceduralKnowledge: The Case for Mathematicgpp
75-112). Hillsdale, N.J.: Erlbaum, (1986).

Beth E.W. & Piaget J.Mathematical Efstemologyand Pychology (W. Mays, trans.). Dordcht: Reidel,
(1966).

Boden, M.,Computer models of mind. Cambridggambridge University Press, (1988).

Bruner, J. S.Toward a theory of instructiomew York: W.W. Norton & Co., (1968)

Bruner, J.S., Oliver, R.O., & Greenfield, P.Nstudents in cognitive growtiNew York: Wiley, (1966).

Cambell, J.I.D., & Gaham, DJ., Mental multiplication skill: Structure, pcess andcquisition. Canadian
Journal of Psychologyd9, 338-362, (1965).

Clark, J.M. & Cambell, J.I.D., Integrated versu®dular theories ohumber skillsand ataculia. Brain and
Cognition 17, 204-239, (1991).

Cobb, P., Information-Processing Psychology and Mathematics Education—A Constructivist Perslueictiak.
of Mathematical behaviou6, 3—40, (1986).

Dehaene, S., & Cohen, L., Towards an Anatomical and Functidadél of Number RycessingMathematical
Cognition 1, 1, 83-120, (1994).

Dubinsky E., ‘Reflective Abstraction’. In D.O.Tall (Ed)dvanced Mdtematical Thinking Dordrecht: Kluwer
Academic Publishers, (1991).

France, N., Hieronymus, A., & Lidquist, E.IRichmond Test of Basic Skil/indsor: NFER-Nelson, (1974).

Gonzalez, E.G. & Koles, P.A., Mental manipulation of arithmetioymsbols. Journal of experimental
psychology. Learning memory and cognitiBn308-319, (1982).

Gray, E. M., An analysis of divergingpproaches to simplerihmetic: Preference ands consequences.
Educational studies in mathemati@2: 551-574, (1991).

Gray, E.M., Count-on: The parting of the ways in simple Arithmetic. In I. Hirabayashiidida, K
Shigematswand Fou-Lai Lin (Eds.),Proceedings of XVII International Conference for theydPwlogy of
Mathematics Educatior{Vol. | pp. 204-211). Tsukuba, Japan, (1993).

Gray. E. & Pitta, D., Number Processing: Qualitative differences in thinking and the role of imagery. In L. Puig
and A Gutiérrez (Eds.),Proceedings of XX International Conference for thegdRslogy of Matematics
Education Vol.4, pp 155-162.Valencia: Spain, (1996).

Gray, E.M.& Tall, D.O., Duality, ambiguity and flexibility: A proceptual view of simple arithmgbeirnal for
Research in Mathematics Educati@y, 2, 115-141, (1994).Kamii, CXpung children reivent arithmetic.
New York: Teachers College Press, (1985).

Kosslyn, S.M.lmage and mindCambridge, Mass: Harvard University Press, (1980).

Krutetskii, V. A., The Psychology of Mathematical Abilities in SchoolchildierTeller, trans. (J. Kilpatrick &
I. Wirszup, (Eds.). Chicago: The University of Chicago Press, (1976).

Mead, G.H.,The philosophy of the adChicago: The University of Chicago Press, (1938).

Piaget, J.,The child’s conception afiumber (C. Gattengo & F. M. Hodgson, trans.), Londétoutledge &
Kegan Paul, (1965).

Piaget, J. A structural foundation for tomorrowsducation, Tounderstand is torivent,(G.A Roberts, trans.).
Harmondsworth: Penguin, (1976).

Piaget, J.The equilibrium of cognitive structureSambridg MA: Harvard University Press, (1985).

Piaget, J. & Inhelder, BMental imagery in the childNew York: Basic, (1971).

Pitta, D. & Gray. E., Nouns, Adjectivesd images in Elementary Mathematics. In L. Paigd A Gutiérrez
(Eds.),Proceedings of XX International Conference for thgdRslogy of MathematicEducation Vol.3, pp
35-42.Valencia: Spain, (1996).

Pylyshyn, Z.W., What the mind’s eye tells the mind’s brRisychological Bulletin80, 1-24, (1973).

SCAA, Mathematics, Key Stage. 2ondon: Schools Curriculumand Assessent Authority Publications,
(1994).

Seron, X., Pesenti, M., Noel, M-P., Deloche, G., & Cornet, JiAagks of numbers, 6When 98 is upper
left and 6 sky blueCognition 44, 159-196, (1992).

Sfard, A., ‘On the Dual Nature of Mathematical Conceptions: Reflectionsamegses and objects as different
sides of the same coirEducational Studies in Mathematj@&2 1-36, (1991).

Siegler, R.S., & Shrager, J., ‘Strategy choicesaddition: How do children know what @o?’. In C. Sophian
(Ed.), Origins of cognitive skillgpp. 229-293). Hillsdale, NJ: Lawrence Erlbaum Associates, (1984).

Steffe, L., von Glaserfeld, E., Richardk, Cobb, P.,Children’s Counting Types: Philosophy, Theory and
Applications.Preagar: New York, (1983).

Tulving, E., How many memory systems are thékaterican Psychologist0, 385-398, (1985).



