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“By giving a hame to something, you acquire power over it"
(one of “Scott’s Laws” proposed by Professor Bernard Scott, Sussex University)

Introduction

Why is it that so many fail in a subject that a small minaitgard as beingyivially
simple? In this, the first of two articles, we introduceidea thatoffers anexplanation

for the great divergence in performance between tiwgesucceed and thoseho fall

in mathematics.Although our initiécus is onthe development of numerical concepts
by young children, irthe secondarticle we broadenthe mathematicaberspective to
consider some dhe mathematics learned in thecondary school and at degree level.
By looking at the way in whicimathematicaldeas are developed by learners coene

to the conclusion that the reason why some succeed and a great many fail lifagh the
thatthe more able are doing qualitatively different mathematics from the less able

The moresuccessful perform in a way whidften makes the mathematics seem so
effortless for them. If they seem to useliite effort, there must be an minal engine
creating the motive force. What is the nature of this engine? We shé#fiaseke more
able have a kind of knowledge that self-generates new knowledge.

If others fail at mathematics, why istlitat they often fail so catastrophically? We shall
seethat the catastropheccurs becaus¢heir mathematicakhinking processes are
qualitatively different. The less able fail because the mathematics they are doiogeis
difficult than the mathematics of the more able (Gray, 1991).

A major source ofhe generativgpower of mathematics is in these of symbols. It is

only in the lasttwo millenia that thepower of written symbolismhas allowed
mathematics to grow and to be passed from generation to generation, culminating in the
great explosion of mathematics in recent centuries.

If we subject this symbolism to closerutiny, we find thatalthough every &mpt is
made to refine it to make it expli@ndunambiguousits powerlies in a very specific
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kind of ambiguity It often refers both tsomething to doand tothe result of the
doing So 3/4 refers tahe intention to divide 3 by 4, it indicatespaocess to be
applied, and also to the result of the action of applying the prdbesfraction% . The
symbol “-2” refers both to the intention to subtract two, again indicating a process to be
applied, and also to the result of the action of subtracting 2, the negative number —2.

First encounters with such symbolisran lead to bewildermemind consternation for
the learner in establishing precisely what the symbolism meanaylbeeasy to‘take
away 2" buthow can one have a negative numbarich is “less than nothing”? The
most able see it for what it is: an amgam ofboth process and concept, a process
which in most cases is manifest through a procedugetananswer,and a thing
produced througlthe process othe manifestation of thprocess whickcan itself be
manipulated as a mental object. This amalgam of process and concept wercadiph

By giving this construct a name we will begin to gpower over it. Weshall see how
we canfocus attention on a problem thatas baffled mathematiceducators and the
general public alike for centuries.

The development of mathematical processes into concepts

Number provides our firggxample of a mathematicptocess which developgato a
concept. It is one ofhe first mathematicaideas that a childneets.Yet when our
colleagueJack Forster asked a group of two hundred stutkatthers tosay what
“three” means, he met with total silence. What is it that we expegfotlmegestchildren

in our school toappreciate yeproves sodifficult for us to explain? Perhaps the
difficulty lies in the fact that theotion of “threeness” cannot easily be defined in a
sentence, butather depends on atcumulation okexperience. This is an insufficient
and inadequate explanation; the problem needs further analysis.

The meaning of “three” isnly established whetine countingorocess idinked to the
cardinal value of theet. Counting is a complex activity, processmanifest through
different counting procedures whichay use counters, fingers, marks paperetc. It
may be vocal or subvocal. It can be forward or backwatedting at one or starting at
any given number. At a more abstract level it may invbleth counting and keeping a
check on the amount counted at one and the saneeCounting involves a focus of
attention on each object that is counfedt once) andhe co-ordination othis focus
with the sequence of number words in an order.

Because of this complexity the notion of a counfimngcess is idealistic. Suchnation
indicates an intended action but vell know that a procedure which is the



implementation of the countingrocess isubject to interpretation. Although there are
underlying principles which enable the act to be called counting there are no hard an fast
rules which goverrthe objects that can be countedr the order in which they are
counted.The meaning of “three” comes first through the manifestatioprafcass the
process ofcounting implementedthrough a countingorocedure,then through a
conceptthe naming of thaumberof elements in the set.

We placesuch an emphasis dhe notion ofprocess at thiime because weavish to

make a clear distinction between process@odedure. We emphasitiwat the idea of
process,whether it be, forexample the countingrocess,the additionprocess, the
subtractionprocess,the process of finding draction or theprocess of solving an
algebraic equation, is idealistic. A process signals an intention but the way in which the
intention is carriedout, the procedure,can be the result ofnechanical action,
algorithmic routine or idiosyncratic behaviour.

Another example from number occurs with addition. Consider the question:
“What is 2+27?”

The obvious answer is “4”. But how is it calculated? It requirepiibeessof addition.
When the child attempts thier thefirst time, the additionprocess is usuallynanifest
through a procedure which involves countimgp setseachwith two objects. At its
simplest, it require®ither takingtwo objects andwo more,then countingthem all
saying “onetwo, three, four”, orcarrying thefirst two in the head and counting on
from two, saying “three, four”. Thu®+2” signals boththe countingprocessand the
productof thatprocessthe number 4. Theymbol 2+2 evokes botthe processof
addition and theoncepif sum.

The use of a symbolism to ean both process and product occurs throughout
mathematics. Aaumbersuch asthree” involves boththe process oftounting and the
concept of number. The symbolism 2+2 stands for both the process of addition and the
concept of sum. This phenomenon occurs again and again:
 The symbol 4«3 stands forthe process of multiplication “four
multiplied by three’which in procedural termmay involve repeated

addition to produce the product of four and thndech isthe number
12.

3
» The symbolf stands for both the process of division &mel concept
of fraction,



* The symbol +4 stands for both the proces$adfl four” or shiftfour
units alongthe numbetine, andthe concept of the positive humber
+4,

 The symbol -7 stands for botthe process of‘subtractseven”, or
shift seven units ithe opposite direction alonthe numbetine, and
the concept of the negative number —7,

* More examples are included in the second article....

The notion of procept

The idea of grocess giving @roduct, or outputrepresented by the saragmbol is
seen to occur at all levels in mathematics. It is therefore worth giving this idea a name:
We define groceptto be a combined mental objexnsisting of both
process anctoncept inwhich the same symbolization issed to

denote boththe process andhe objectwhich is produced by the
process.

Usually the object is produced through the manifestatichegprocess by @rocedure
but there are exceptions in more advanced mathenaaiitshese will be considered in
the second of the two articles.

As with Scott’s law, we will find that the giving of a name to this idea begins to help us
gain power over it whichenables us to explain thvast difference irsuccesdetween
those who succeed and those who fail.

A proceptis, of course, apecial kind ofconcept. It is one which is first met as a
procedurethen a symbolism is introducddr the output ofthat procedure, and this
symbolism takes on the dual meaning which evokes both procedure and its output. As a
child learns mathematics, the introdussanbol takes on &fe of its own. It can be
written (say, 3+2), it can beead, it can bespoken(“three plus two”), itcan beheard

It is an external object that different people share, so it has, @eems to have, its

own external reality. It is theonstruction of meaninfpr such symbolsthe processes
required to computéhem, andthe highermental procedures required tmanipulate

them, that constitute the abstraction of mathematics. Indeadnthiguity of notation to
describe either procedure or output, whichever is more convenient at the time, proves to
be a valuable thinking device for the professional mathematician.

A procept isorganic. It soon growsicher than the singlprocess whiclgenerates it.
Different symbolismmay represent the sanpeocesses butlifferent procedures may
give the same product, as in the case of drd3+2. Thefirst, as a procedurenight
involve counting on one fronfour whilst the second counts on two from three.



However,the result ofboth procedures ithe samenumber, “five”. The procept of
“five” therefore grows richer in its interior structure, giving a wiflexibility in which

it may bedecomposed in differenways, to bereorganized and transformed into an
equivalent symbolism which represents a different procedure but thepsacuet. We
therefore envisage a procept as beptastic — something flexiblethat can be re-
moulded and reconstructed at will.

For instance, thalea the3+2 is 5,leads to several equivaleiieas,that2+3 is 5, or

that if “3 plus something is 5then the “somethingiust be 2. This flexible use of
composition and decomposition of numbers mehassubtraction can beeen as just
another way of looking at addition, so that the undoing of addition as subtraction is just
a manipulation of flexible knowledge rather than the courgiragessmanifest through

the use of a procedure which may be the inverse of that used for addition..

It is in theuse of proceptshat we consider liesthe major difference between the
performance of the more alded thelessable in mathematics. In the development of
skills, it is the failure of some to see the processes encapsulated as procepts which leads
to a catastrophic division between those that can do mathematidhosehat cannot.

Those who see processes interpreted as procedures and want onigrstewtcess —

how todo something — are motikely to condemn themselves taveerry-go-round of
procedure after procedure wisliccess irbeing able toperform the currenttask, but

inability to coordinate theprocessesnto any larger coherertheory. Coordinating
processes in time is difficult activity. Thosewho develop flexibleproceptshave

mental objects thatboth enable them talo the process anananipulatethe symbols
conceived asbjects.The plasticity ofprocepts allowthem to be flexiblydecomposed

and reorganised at will. Because of the richness of conceptual linkages, less needs to be
remembered because more carrdmonstructed. Thugroceptual thinkeraredoing a
qualitatively different kind of mathematics that is — for them — conceptually far easier.

This divergence which occurs all levels of mathematics, between thosho use
interpret processes only as procedures dherefore make mathematiterder for
themselves, and thodbkat seethem as flexibleprocepts wecall the proceptual
divide (Gray & Tall, 1991). The difference betweesuccess andrilure lies in the
difference between procept ampdocedure.Proceptual thinking includes these of
procedures where appropriate ayinbols asnanipulable objectsvhere appropriate.
The flexibility provided by using the ambiguity of notationpecess or product gives
great mathematical power.

The examples whicfollow, considerthe encapsulation gfrocedures into procepts at
different stages of mathematical development. At any stage, if the cognitive demands on
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the individual grow too great, it may lteat someone, previously successful, founders
andasks“tell me how to do it”, anxiously seekintpe security of a procedure rather
than the flexibility ofprocept. From this point ofailure is almost inevitable. It is for
this reason that mathematics is known chiefly as a subject in which paibpénd falil
badly, and fail often.

Example 1: The number concept

The number concept is a procept. It embodies both a process (countiribe andput
of the procedure which ithe implementation of thprocess (number) withithe same
symbolism. Wehave seerhow achild learns the sequence of countimgmbers in
order, and beginthe ritual of countingsets ofobjects by pointing at each tarn and
reciting the numbewords. “One, two, threefour”. There are “four” thags in this
collection. The same underlying procedure camldige in differentvays:the order in
which the numbersare counted camary. Each of thesgrocedures giveshe same
product “four”. Havingthe number concept means motly beingable tocount, it
means being awarbat differentways ofcarrying out the same countipgocesswill
give the same result.

Children may view number in two differemiays, one as a PROCEDURE of counting

— an uncrystallized process which is not regarded as a flexible concept, — and one as the
PROCEPT of number which involves countitige knowledgethat differentways of
counting give the samesult,and the crystallized number conceilitin one flexible
package. Thughe attaining of the procept of number what Piagetwould call
“conservation of number”. The one additional item in faumulation is the dualism of

the notation: the number “five” being built out @iocessyet being considered
simultaneously of concept.

This is one ofthe first places in learning where @ualitative difference may occur
between individuals. “Slower learners” do not fotlme procept of number eartyn. If
suchchildren are to move on taddition,they will be at aserious disadvantage. The
mathematics that they will have to do willove to be significantly more difficult for
them. Whilst those witlthe procept of humber will bable to manipulate theymbols
flexibly in the mind to do arithmetic, thkess able will now havethe much more
difficult task of coordinating processes — the counting process and the agditcass,
both manifest through a series of procedures whédome onsuper-procedure — and
then performingthem insequence. It is a far are complex task to carry out two
processes in time, one after the other and to attempt to conceive of them in the mind as a
single entity. It is far easier tmanipulatesymbols onpaper whichcan be seen
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simultaneously and handled much mdtesntly. It is here that the proceptual divide
occurs between thoseho are handlingprocessesgoordinated sequentially in time,
and thosemanipulatingsymbols for procepts whichmay beseen simultaneously on
paper Those whoare fortunate to thinkising fexible procepts have fundamentally
easier mathematics to do than those who operate by carrying out processes.

Such a divide is also embodied in Ausubel's (19digrentiation betweemeaningful
and rote learning, or Skemp’sdistinction betweenrelational and instrumental
understanding (1976). Howevehe theory we give herlgas arextraingredient. It is
not justthe relating of oneidea toanother, otthe giving of ameaningto a process or
concept. It ighe ability to give meaning to therocessin a flexible waythat allows
processand concept to be interchanged \aill, often without any distinction being
made between the two.

Example 2: Addition

Addition canonly be carried out meaningfullwhen the number procephas been
established as embodying both process and conideptever, inthe earlystages,
more elementary forms of addition occur which are efinecesses otombinations of
procept and process.

For examplegounting allis a strategy used by young childremwihich, given the sum
“3+27, is translated into a procedure which involves first counting a sehrele

objects,then a set otwo objects,then collecting thewo setstogether and finally
counting thewhole set“one, two, three, four, five”. Thushe count-all strategy
consists ofthreedistinct counting procedures,one after another. Each separate
procedure is a manifestation of the countmgcess. Thu€€OUNT-ALL consists of
PROCESS plus PROCES&ading to a thirdkPROCESS. Giverthe fact that these
occur successively in time, it requires considerable cognitive effort taHeknput

numbers 3 and 2 tihe output 5. So the chilgsing count-all islesslikely to see the
triple counting procedure as leading to the number fact.

Counting onis a more subtlprocedure. It occurs possibly throutite realization that

to count thefirst set is simply arepetition of a countingprocess which involves
recitation of the initial number names and presenting the number name of the last tagged
element as the cardinal value of thikole set, so a shocut ispossible in which one
simply counts on from the next number name after the number in theefir&ounting

on 3+2, simply involves saying two numbers (starting after the “thre#iedirst part)



to get“four, five”, so thatresult is “five”. Herethe first number is seen as pocept
and the second as a process. COUNTING ON consists of PROCEPT & PROCESS.

But the countingprocesshere is a subtle double-countipgocedure. It is necessary
both to count-orffour, five” whilst keepingtrack of the number of elements counted
(two). Oftenone of these counting procedures is doneaiging concrete elements for
support. For instance,anild might movetwo fingers tokeep track wilst counting
“four, five”. Alternatively it ispossible to use a numblame or a ruler to start at the
number “three” then to point at successive numbers whilst coulaing two” to end
up at “five”.

The complexities involved in counting-on, especially for the less able chitdlead to
two possible outcomes. Fthre lessable child, counting-omrmay become thé&avoured
procedure to do addition. mhay take aninput, say 8+4, angroduce a counting-on
“nine, ten, elevenwelvée, giving a result 12. As this occum time the child may be
successful irgetting theresult, yet notrelate the earliemput (8+4) tothe output 12.
For this child counting-on is butpmocedurefor getting aresult. It is lesdikely to lead
to the remembering of the result as a known fact.

For anotherchild, who is able taelateinput andoutput, thismay crystalise into a
procept, inthe form of a known fact, “8+4is 12”. In this more fortunatecase,
counting on takes the form of PROCEPT & PROCESS giving PROCEPT.

Over a period of time the latter is more likely to lead to the pupil developiotjeation
of flexible “known facts”. These could, of course, lbarnt byrote, just aghe chorus
of thesong “Inchworm” sung byanny Kaye inthe film “Hans Christian Andrsen”
goes:

One and one are two,

Two and two are four,

Four and four are eight,

Eight and eight are sixteen,

Sixteen and sixteen are thirty-two...

But a rote learnphrase has ngenerativemeaning.One may be able to repeat the
words “fourand fourareeight”, but this gives nalue as to the meaning &dur and
five.

At the highest level a known fact is seen as a procept. The known fact “3+2 is 5” can be
immediately recalled as a number bond “3+2=5", but if necessary it can be decomposed
either as procept plus process (counting on) or even process plus process (ediunting



but, nore likely, it will simply be visualized as aoconic array of five object®roken
down into a three and a two.

The less able child may makeme steps in this direction. Bkhown facts are harder
to learn and with fewer facts it difficult to usethemflexibly. Some knowrfacts are

learnt beforeothers (e.g. “adding ong(3+1=4), “adding two to aneven number”
(4+2=6), or “doubling” (4+4=8) ofnumberbondsmaking ten”(8+2=10)).Even if a

less able child collects together someh#dse the burden of usinghem may begreat.

For instance Stuart (aged 10) was asked to calculate “8+6”. He said:

“I know 8 and 2 isten, but | have trouble taking 2 from 6. But 4 and 4
makes 8, and 6 and 4 makes 10, and the other 4 makes 14.”

He is here successful, but leanstbe numbeibonds 8+2=10, 4+4=8, 6+4=Mased

around “sums making ten” and a “double”. Eennot cope witl6—2 and his methods

may collapsewvith other number pairthat are unavailable tbim. Such chHdren may

find that using the few known facts at their disposal causes considerable strain and seek
the solace and security of counting procedures.

Once more we are faced by tvceptual dividenow at a higher conceptualel. The

child who seesaddition only as a procedure is faced witke difficult task of
coordinating differentmental procedures whilsthe more able childvho develops a
collection of flexibleknown facts canusethem to derive other fact$or instance, “8

and 9” is seen athe double “8 and 8plus one,giving “seventeen’The child on the
borderline between the two may be in a delicate state of balance where successful use of
derived facts may lead on to rfiner success,but failure through inadequate
development and use of number bonds may degenerate to the security of counting.

In this way the more able child moves from a body of flexiilewn factsto building

up a technique of re-assemblage of procepts which givelaawed factsAt this stage
mathematicsstarts toget easier Because so much can Herived, less needs to be
learned.The use of procepts builds upfeed-back loop in whicknown facts are re-
combined innew ways to produce new known fache more able chilchas an
organic knowledge structure whiofrows underits own inernal energy, almost
without any seemingffort. Arithmetic becomes more sophisticated and progressively
simpler to do.

Meanwhile thdessable childhas adifferent goal inmind, the goal of mastering the
procedure of counting and applying it to ma@mplicatedtasks. The procedure of
counting-on — which may be proving very successful — mtieeshild a victim of its



own limited success.Although individual sums may be correctly carried out by
counting on there idess likely to be a feed-backoop giving the explosion of
knowledge characterisinthe more ablehild. The procedure ofounting-on does not
give a coordination between input and product which lead&w known factsOnly
with extensivepractice maysome facts be learnadcidentally but many of these are
retained in isolation. The child therefdrasmuch harder mathematics ta@o: eachtime

a sum uses the same (counting on) procedure but as thgsumesre difficult there is
little flexible structure on which to build.

If the child obtains success through counting-on, then this leads to a secthiyuise
of this system which makes it far harderpimgress. Sumgvolving several digits
must now be performed with counting-on subroutitmesg drastically extend the length
of the procedures involvedplacing a greater strain on the weakéild, leading to
likely failure.

This, incidentally, is a savage indictment of the belief that children should be allowed to
develop theiown personal modes @ierforming arithmeticFor if the less able child
develops a highly personalized method of coping with a limited range of sums (often by
countingusing various parts dhe body or various finger configurations tepresent
different numbers),then that child may develomethods whichdo not generalize
There may beshort term success with sall numbers,but catastrophic failure with
more generaproblems. Inthe day-to-day running of a classroom short-term success
may be moreammediateand instantlyrewarding,but if it is at thecost of eventual
failure, it is a devastatingly bad strategy.

Allowing children only to do number work at their own pace from work-cards designed
at their own level can actually disguise the symptoms of eventual failure. The child may
succeed at additiosums nore slowly through counting procedures,yet may be
developing the very strategies whigaddown a cul-de-sadnly through discussion

and listening to a child talkingthrough the processeseing used can onehope to
diagnose the possible development of inappropriate strategies.

Example 3: Subtraction

Subtraction, as a reversal afldition proves to be faeasier as part of a proceptual
structure rather than as a reverse pf@edure. Inthe formercase, if achild has a
meaningful concept o4+2 being 6, so that 6 can liiecomposed into 4 and #hen
subtraction is already built in to th&ructure. If 2 istaken away from 6, then 4
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remains. If it is not, wenay end upwith the phenomenon of Stuawwho has“awful
trouble taking 2 from 6”.

There is worse to come. If addition is seen only as a procedure, stehuatng on”
using a number line, the individual may attempt to “take away” by coubting. Thus

9 take away 3 is performed by pointingtta¢ number 9 and counting back three: 8, 7,
6. Here subtraction is seen as a true reverstideoprocedure oaddition, but it is a
view fraught with danger. Countingack may besasy on aoncrete numbdine, but
the mentabperation of counting back is one of tm@st difficult ways of performing
subtraction. It requires a reverse countinghef number sequen¢@), 8, 7, 6,with a
corresponding count othe number of terms countgd, 2, 3), giving a double
counting procedure of great complexity compounded further by the difficulty of starting
at the rightplace(countingdown from 9 requirestarting the double counting at 8).
Once again, the child locked in procedure is faced with the far greater task.

For the moresuccessful childthe flexible procept of addition and the existence of
appropriate additive numbéondscan lead easily into deriveslibtractionfacts, once
again with a feedback loop which makes the procepts even more flexibaedful.
The following now all mean the samthing: 3+2=5, 2+3=5,3+something=5 ®ans
something=2, 2+something=5 means something =3, and so on.

I

I
2+3isbH
or3+2ist
or5-3is
or5-2is

Contrast this with the intriguingxample of a particulaslow learnerresponding to the
problem “5 take away 3” using a limited number of known facts:

“That’s one | always have difficulty with. Butknow twoand two is
four, so two and three is five, so five take away three is two...”

This anazing piece of mathematicdkductionshowsthe mentalpowers ofthe child
considered to bslow. He doesiot lack mathematicdlair. But he has dmited array
of known facts anduses his knowledge terive facts bysuch a tortuousoute that
even a simplsum is amajor voyage ofliscovery. It is no wondethat our intrepid
voyager fallsdown whenthe journey gets justthat little bit longer. He has the
knowledge of how to travel but his map is in tiny parts that do not fit so eéagéyher.
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Although he is beginning taise his knowledgeémaginatively, theproduct of his
procedure is not readily added to his knowledge base, and there is no general feed-back
loop to link subtraction flexibly taddition. If he fails aghe problems increase in
difficulty, then he islikely to revert back to an earlier strategy — countingvhich
increases the burden of difficulty that he faces.

Example 4: Multiplication

Multiplication may beseeninitially as repeated addition:x3 is five repeated three
times. Again the notation is a flexiblprocept. Ifthe five and the three aseen as
processesnot proceptsthen repeated additioiirough adding five to five to five is
unbearably difficult(“six, seven, eight, ningen... that's twofives, eleven, twelve,
thirteen, fourteentifteen ... that's threefives”.) However, if it isseen as a procept,
two lots of 5 might be seen as 10, then 10 and 5 as 1&grblining and recombining
the constituent parts.

Flexibly linking the product to a visual array can help the differentprocessegjive
(essentially) the same product:

[eecco[cccoe|0c000]
15
3lotsof 5

Thus it is that the procept takes on differeeresentations, whichre still considered
to be the same product.

How is achild who still seesaddition as counting to be expected to copid multi-
digit multiplication? One ofour studentteacherswas confident thatshe could teach
anything to anychild, providedthatshe hadhetime. She hadeached a point in the
National Curriculum where a child must multiply a three digit number by a dgiigjte
number. A slower learner was faltering, so she went throggm@le example ‘234
times 2”, explaining thafirst the 4must bemultiplied by 2, so the child counted on
“five, six, sevengight, then the 3 must be multiplied bhwo, sothe child counted on
“four, five, six”, then the 2nultiplied bytwo (“three, four”). She founthat the child
seemed to be able to dowhen she washere tohelp, evenwhen “carrying” was
involved, but there were so many steps to carrytbatwhenthe childwasleft to his
own devices, the procedure collapsed under the weight of all the counting.
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Example 5: Place value

Place valuaisesnotation in apowerful way.Thetwo 3s inthe symbol 353are used
with enirely differentmeaningsthe first being 3hundreds,the second 3 units. The
place value notatiomot only represents a humber as a combinatiomrifs, tens,
hundreds, ..., it does so in a canonical way in wkiehnumber obundles ofeach is
between 0 and 9. Initially a child may think of a number in the saayeas a name,
perhapsliving at number47, where the symbols 4 and Hhave no more separate
meaning than théwo ms in “mum”. True meaning camnly be givenwhen the
individual digits are conceived as proceptsth the process ofcounting and the
concept of agroup ofobjects that can beegrouped in variousvays. The symbol 5
might be seen as 2+3 or 4+1, and this extends to 12 being seen as 10+2 80382.as
It requiresthe procept of number (rather than jushe process ofcounting or the
knowledge of the sequence of numhards) to beable toview place value aboth a
grouping procedure in which 452 tise procedure ofrouping “4 hundreds, 5 tens, 2
units”, and the result of the procedure: the number 452.

Conclusion

What we have attempted to do in thigicle is toconsiderthe ambiguity ofsymbolism
in the initial stages of mathematics. \At we haveseen isthe inherent ambiguity of
mathematicsymbolism andhe development gbrocepts out ofhe applied actions of
mathematicaprocess.The proceptualdivide occurs between thosgho completethis
transition and those who fail.

Our analysis points tdhe weakness othe lessable childturning tothe security of
procedures rather than the successful uggradfepts.Therefore the additionagdractice
at such procedures will only make the differences greater, not close the gap.

This burden imposed othe less able, whoare constrained tgerform harder
(procedural) mathematics rather than the mopowerful and easier proceptual
mathematics, provides ehallengewhich seems havdittle hope of resolution by
traditional means.

As a first stage to resolving the problem otni e coeut must be that we look closely
at the ways through which children achieve success: the mdttaidising aboutshort
term success may lead to long term failure.

Within the next article, we extend the notion of procept to highathematics and
consider points where¢he proceptual divide magpccur. As a further wmpt at
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resolution ofthe problem we conclude on a positive note emasider ways in which
we may concentrate on the concept rather tekaponding tammediateneed through
reliance on a procedure.
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