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ABSTRACT. Earlier research by theuthor indicatedhat manybelow average attainers do
not remember number facts amnde alternative strategies to obtasolutions tobasic
arithmetical problems. These alternatives were frequently setie dest way’ of finding a

solution.

This paper considers the relationship betweerv#i®us strategiessed by nixed ability
children aged 7 tal2. An analysis of alternativesuggeststhat the selection is not
underpinned by regression throutie learningsequence, but by regressidominated by
the child’s preference for certain strategies over others. Through the evaluation of a hierarchy
of preferences, divergence between the strateg@table to théessableand the morable
child isrevealed.The alternative strategiassedare basedeither on counting - procedural
strategies, or on the use of selected known knowledigeluctivestrategiesAbove average
children haveboth available as alternatives; evidence of deduction is aarengst below
averagechildren. The more able childppears to build up a growing body of knovacts
from which new known facts are deduced. Less able children — rehaidy on procedural

strategies — do not appear have this feedback loop available to them.

This paper contentthat, for some children, procedural methods do not encourage the
need to remember; the procedprevides security. Otthe otherhand, deductive methods
initially enhance the ability to remembether basic facts and eventually help childneske
extensive use of facts that deeown to rerove the need to remembaew ones. Morable

children appear to be doing a qualitatively different sort of mathematics than the less able.



THEORETICAL CONSIDERATIONS

The development of numerical concepts and skills within young children has received such
attention over the past two decades that the importance of meaningful countibgsis far
arithmetical development would now appear to be beyprastion.McEvoy (1989) reviews
the evidence of mangtudies of young chliren which togethettrace thesequence of
development from counting to the beginnings of formal arithmetic. Knotdg to count is

fundamental to the acquisition of early arithmetical skills.

Fuson et al (1982)erified a hierarchyor the development of ability associatetth the
memorisation of the number word sequernideEvoy (1989) reminds ughat memoryplays
an important part in thprocess; cldren have to have the ability to memorés® recite the

number word sequence by rote.

The need to distinguish between the ability to recite the number word sequence and the act
of counting, a procedure based on one to one correspondemasehighlighted by
Herscovics and Bergerofl983). They show that any interpretatiorthat treats thé-uson
hierarchy as appropriate to counting must be tentathee salthough ithasbeen verified for

the number word sequence, it has not been verified for the counting procedure.

Herscovics and Bergeron (198&)pt the distinction between recitatiand counting in
mind when distinguishing sixounting procedurethat corresponded tthe differentskills
described by Fuson et al. These procedures were linked to sjpeckiiems the solution of
which required the use of a corresponding procedure, which ranged from counting from 1, to
counting back to a givemumber. They noted the caution of Steffe et (4983), who
indicated that the finalour stages othe Fuson hierarchythe collectiveskills of which
would enable children taise count-on to solve such problems as 5 + 3caudt back to
solve 8 — 3,indicate avery advanced degree of abstractionthat they involve double
counting. Herscovics and Bergeron saw understanding badéd procedures as one stage

in the process of constructing a concepsgdlema. Wen the procedure is introduced in the
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context of a certain class of problems the resulting procedural understanding bridges the gap

between intuitive understanding and the beginning of abstraction.

Counting isthe bed-rock ofthe procedural approach;fiirnishesthe process which
enables a response to be made. Knowledge is the foundation of the deductive approach; other
known facts andhe relationship between the facts ased todeducesolutionsthat are not
immediatelyknown. Rocedural understandinmay well be a significant cog within the
arithmetical, or indeed theathematicaéntity. However, whilst abne level, and therefore
for some children, it can be a link in the conceptual civiich leadstowardsthe growth in
relational understanding, at another it may be the reabgnsomechildren do not rake the
links and continue to operate at an instrumeletatl. Forthe former, the development of
procedural understanding, coupled with the ussetdctedknowledge,may well lead to the
use ofdeductive strategies to solveimerical problems; eventually the deductive approach
may become totally reliant on thise ofselectecknowledge. For those dbdrenwho do not
make the links, confidence with procedural approaches would appear to proaytbraatic

response that may pay little regard to efficiency.

From a pedagogic point @fiew, a hypothesiselierarchyfor counting,together with a
classification of the solution strategies used to solve sianfil@neticalproblems in addition
and subtractiongan provide a framework to studghe development of arithmeticakills.
Within such a frameworkthe centraissuebecomes the balance betwe®unitine, meaning
and the ability of the child to develop efficient strategies to gateblems.Efficiency can be
an emotiveword whenapplied to simple arithmeti®©ne view of efficiencymay place the
emphasis orthe ability to remember; a dominant teaching aim is to esitakhowledge of
number facts as part of thmental repertoire of thehild. An almost contradictory view
implies that remembering a fact is of lesser importance than the abitlgvige a method for
obtaining asolution. Howevergfficiency is not age independenmthat is efficient for the
young child may not be regarded asich forthe olderchild. For the latter, the level of
sophistication used to obtasolutions tosimple arithmeticaproblemsmay need to be more

in tune with the level of attainment expected in more difficult calculations.



Gray (1987,1988) indicatetthat below average children rely extensively on procedural
methods to obtain solutions to basic number facts if solutions wetenaain. The current
study wasestablished to confirm the earliersults and t@ompare theapproaches othree
identified ability groups of children. Indications fraime previous studies werhat children
used preferred methods adternatives andhat the use of these alternatives indicated
disparate outcomes in the use of procedural strategies. To highlight these altennsgives,

made of goreferentiahierarchy that is the child’s preferred way of doing things.

PREFERENCES

Solution Strategies

The classification ofolution strategie$or solving arithmeticalword problems rade a
considerable move forward througife work of Carpenter and Mosd.982). Their refined
classification is the natural development of earlier work (Rosenthal and ResnickGtoéx;
and Resnick 1977). Carpenter at al. (1981) draw attention to the care that must be taken when
making comparisons between children’s solution strategies to verbal problentkeand
solutions to number calculationdowever, for nurber calculations these categon@sved
consistent in describing strategiesed bychildren aged-12 to solvebasic computational

problems (Gray, 1988).

To obtain the solution to any one problem basedhenaddition and subtraction facts to
twenty a child may use any one of four basic strategies. The child may
- know how to countcount-all
- conceptualise the value of at least one set and use the appropriate counting
procedurecount-on (or count-up/ count-back)
- use any other known number faasrived fact

- know directly:known fact.

Whether these strategies form a conceptual a hierarchy ocamotbe only partially
resolved by documented research. Groen and Resnick (it@icgted the part that teaching
and its consequences had to playhe development of the five year atthild’s ability to

develop counting strategies in addition. Throtggchingsome children not only modified



their addition strategy from count-all to count-on but also adapted it to intledese of
commutativity. That count-all idower in the cognitive hierarchy thamount-on were
conclusions drawn by Fuson (1982)arfenter (1982) and Herscovic$1983). The
conceptual advance from count-all to countveas the focus of attention of Secada et al
(1983). This view of the relationship between count-all strategies emght-on strategies
would seem to have implications for a cognitive hieraifcinysubtraction. For ahild whose
addition strategy is mainly count-all or count-on, the strategy for subtraction can only be seen
as a reversal of thiprocesses. Thereforsubtractive strategies whicére analogous to
count-all would appear to be at a lovievel of sophistication than thogbhat use count-back

or count-up.

Efficiency and accuracy may eventually be guarantesdg such methods but where
does this place the knowledge of facts and the ability tdacse that aré&known toderive or
deduce solutionsThe ability to simply recall facts is difficult to established within a
hierarchy, because such a strategy can be used without any evidence of mearapngrily

provide evidence of routine and a good memory.

The Preferential Hierarchy

Establishing levels of sophisticatiolow centres on one guestionow may we compare
the ability to use counting strategies and dbéity to recall facts? Thehort answer is — we

cannotcompare them using only a cognitive hierarchy, bucavef we look at preferences.

Herscovics and Bergeron (1983) empha#iis¢any cognitive hierarchjor addition and
subtraction can only be assunfed the sake ofdiscussion. Irthe first instance this is also
the casefor a preferentialhierarchy. If a child’s preferred way of solving one of the
numericalproblems is taoemember theanswer (knowrfact) then thepreferred, and most
efficient alternative if the fact isot known, will be to useother known facts to derive the
answer. Should either of these two strategies fail, the child will then need to rekerntext

preference which will involve counting.



Logic then, would seem to indicaiteat thedescending order of preferentlegoretically
available to all of thehildren,can be indicated and consequently a directiomegfession,

defined as the move down the preferences, may then be displayed.

The theoretical model irFigure 1 illustrateghe preferenceswvailable for the separate
operations of addition and subtraction. In the former the route of regression isl&rlygut;
failure to solve a problem by the most preferred strategy implies a move down the scale to the
next preferredone. Although the model presented this simplified formdoes notmake
distinctions between the different levels of abstraction that caisdxd in counting, it islear
that the move from count-on to count-all implies that there could be underlying increase in the

use of concrete counting aids.

FIG.1 ABOUT HERE

The possible strategies available to solve subtraction problems presems eomplex

picture. Reference to previous work (Gray,1988) helps to resolve some of the problems.

First there is the identification of the subtractive process analogous to the addition count-
all. In the earlierstudy, if children operated subtraction in unary form by counting out the
minuend and then, from within the set formedynting out the value of theubtrahend and
recounting the remainder, the strategped wasquivalent to the addition strategy of count-
all. To make a distinction between the subtractwel additiveprocedures it wadecided to

refer to the subtractive strategy as ‘take-away’. This was done for two reasons:
a) it modelled the actual process being undertaken and,

b) no matter what other strategy a child used for subtraction problems, the take-
away process was used only when partitioning a counted set and considering
the remainder. Other strategies based on counting reflected the complementary
nature of addition and subtraction or the use of other known facts.



A second decision limited the range of problems to dmsgepresented onlthe unary
aspect ofsubtraction.Therewas noreference to problemthat asked children to "find the
difference”. Earlier inerviews (Gray 1988) hadhdicated that therewas considerable
confusion ovetthe word "difference"; veryfew children linked it to a subtractiverocess.
Although no problem was presented in tlaam, one or two ofthe younger children did in
fact obtain asolution by finding difference. Since in these ca#fes procedure involved
counting out the value oboth subtrahend and minuendhatching thetwo and then
recounting the dierence,the decisionwas taken tosubsume any sucstrategy under the

take-away heading.

Thirdly, the essential difference between the addition and subtraction mallat iis the
first instance, children who revert to counting strategies for subtraction have avi#iable
to them.They can eitheuse count-upgount-back or a combination bbth. Logically, the
latter is of higher order than the single use of one of the two former since it is deeisash
This has itgparallel in additionvhen children decidevhether or not to useommutativity,
particularly when the smaller number is given before the larger and children decide to count
on fromthe larger because "it is nearer Hreswer". Howeverthe general distinctions are
not made within this paper since it ithe broader characteristics t¢fie compositeuse of

strategies that are of concern.

The preferential model takes theew that a childseeksalternative strategies to obtain
solutions to numerical problems only if the solution to a nurfdatris not remembered. The
alternative is identified as the nebést methodSince these children hadl been through a
pedagogicprocess which had as its atlme requirement that the nber factsshould be
known, it washypothesised byhe authorthat failure to remember a faatould trigger a
measured descent throudiine stages of acognitive hierarchy as outlined iRigure 1.
Howeverthe strategy combinatiorabserved withirthe empiricalstudy that is eported do

not totally support this view.



THE INVESTIGATION

There is nadoubtthat childrenwho have difficulty with aspects afomputationalwork
use a substantial proportion of procedural methods to afditions to basic humbéacts.
Nor is there a doubt that many children had a preferred way of thomgs. Interviewswith
over 100children in 12 different Englisischools between1986 and 1989(Gray, in
preparation), had indicated this. What was open to questionh&aelationship between the
strategiesused bychildren of different abilityand their link to the preferences available. To
obtain insight into these relationships a single interviaygedd a comhation of ‘structured’
and ‘open interviewing’ techniques, (Cohen and Manib®35), toidentify the solution
strategies used by childrevhen solvingsimple arithmeticaproblems.The nterviews were
structured inthat all of thechildren were presented with a standard introduction and a
common series of problems $olve. The open nature ofhe interviewwas apparentwhen
the interviewerdiscussedhe method and preferencsed to solveparticularproblems. At
such times the content, sequence aodding wereentirely in thehands ofthe interviewer.
Interpretation of the outcomes of tlepen component ofhe interview were used to

categorise a child’s solution strategies and give an indication of preferences.

Two schoolsconsidered to represent typical Engl&thools,were approached ttake
part in theinvestigation. Althougtthe focus of attentionwas mainly on the strategies and
preferences used by &ren who had moved beyondhe point of pedagogic input in
developing knowledge of numbtacts, a group othildrenwho werestill working at this
stage, the 7+ children, were includédhe class teachertlt that the 8+and 9+ agegroups
knew sufficient number facts to move on to the development of computatstiiE in
addition and subtraction with and without exchange, whilst those above these agtst were
to be at least reasonaldgpmpetentith such problemsSince eactschool had six classes
each class teacher was asked to identify six children. The children were chosen in such a way
that in the class teachers opinion they would be representative of amrageaverage and
below average attainers in eadhss. Inthis way a total of 72Zhildren weredentified who
represented the chronologicayes 7+ tal2+. Apart from the 12+ group,which through

movement and sickness eventually contained only nine children eqpetigd ovethe three



arithmetical abilitylevels, each of the other five aggroups contained twelve children
equally divided ovethe three teacher—defined ability leveiglow average, average, and

above average.

Each child was interviewed separately on at leastoccasions with a week between
eachinterview. Atthe start of thdirst interview each childwas told that the interviewer
would presenseveral problems anthe childwould be asked to find an answer ¢ach

problem using the method (s)he thought was best.

During each of théwo interviewsthe childrenwere presented with between 18 and 20
addition and subtraction numerical problems in two stages of difficulttheAtrst interview
the childwas presented witlihe Stage Jroblems and ahe second interviewthe Stage 2
problems. Athird interview was given to those childrenvho had required a substantial
amount oftime for interviews one andwo. Each interview lasted approximately half an
hour. The third stage oflifficulty, not reported within thispaper, wasgiven about two

weeks after the child had completed the first two stages.

The problems within each stage were classified into groups:

Stage 1: Addition and subtraction factstén. The numericaproblems within this
stage included:
* the addition and subtraction péro,and the addition and subtraction of
one,
« addition and subtraction involving doubles i.e. 4 + 4, 6 — 3,
* addition and subtraction involvirtgvo evend.e. 6 + 2, 8 — 2; odd and
evenie.7+2,9-4,andtwooddsi.e.3+5,7-5
« addition and subtraction of a pair of numbers with a difference of.ene
4+ 5,9-8
Stage 2: Addition and subtraction facts within the range temwanty. Two
categories of addition problem were considered:
» The addition of single dighumbersthe sum of which wadetween ten

and twenty i.e.9+8and 4 + 7, and
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» a sample of addition problems involving teens whaeeunits to be

added included some of those considered in Stage 12 + 0, 13 + 5,
3+16
The subtractiorproblems also included a sample which involdied use of
Stage 1 subtraction facte.15 — 4, 16 — &nd other subtractions facts to twenty
i.e.12-8,18-9,15-09.
Stage 3: Addition and subtraction of two and three digit numbers with and without
exchange. These problenase not subject to consideration within this

paper.

Each problem was presented orally, and on paper in a way appropriate to thacical
of the school, toeach childindividually. The solution strategythat each childused was
recorded. If this wasot completelyclear,the childwas asked talescribehow the answer
had been obtained. When children changed strategy they were asked to try and give a reason
for the change. The problems within each stage were presented sepandtéie child had
completed asection. If achild was either unable to give aexplanation, or began to
experience considerable difficulty, as measuredhbge incorrecsolutions or bythe length
of time involved, the interviewwas terminated. Structured apparaius. countersunifix
blocks, and coloufactor rods, wasavailableand itwas suggested that, tliey wished, the
child may use it. However, the usual practice in both schools was pen and paper so these too

were available and children were encouraged to use them.

KNOWN FACTS: AGE AND ABILITY COMPARISONS

A preliminary analysis of theesults considerethe percentage afolutions within Stages
1 and 2that appeared to be obtaindttough immediate recalwithout evidence of the
apparent use of any other strategy. This first analysis, by whiokexall percentage of the
solutionsthatwere knownwithin each age/abilitygroup was obtainedexcludedsolutions

that were established througe use ofalternativeknowledge. Using such approach the



initial focus wasplaced on the category identified by Carpenter and M(k@82) as

‘Known Fact’.

FIG.2 ABOUT HERE

The evidence from the sample illustrated in Figure 2 indicates that:
(i) as expected, the older children knew more facts than the younger ones.

(ii) the solutions taall of theaddition and subtraction facts were oklyown by
the complete group of above average eleven and twelve year olds.

(i) of the averagebility children the twelve yeaslds werethe only group who
knew every Stage 1 addition fact.

(iv) no complete below average group knew all of the facts.

(v) there is a two year gap, extending to three years by the age of twelve, between
the level of attainment of the below average and the above average children in
knowledge of the number facts to ten.

A further featureemergesWhilst the percentage of facts that &mown bythe above
average children increases steadily as tireyv older,the children of average ability appear
to have a slight hiccup at the age of 8+. Although thess nodifference in the level of
ability of above average children and the average ability children at the @ge tbe average
ability eight year old childreknew 15% lessaddition and subtraction facts than their seven
year oldcounterparts. In both schodlsese children were being taughie addition and
subtraction algorithms with exchang@newonders ifthe complexity of the beerissues
of exchange may beesponsible for this phenomenon.niay be that the children have
temporarily lost confidence in theawn ability to remember anthis may have had some

effect on their preferences.

The attainment ‘aggap’ identified inthe analysis ofthe known facts to ten becomes far

more apparent when the addition and subtraction facts to twenty are considered (Figure 3).

FIG. 3 ABOUT HERE
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(i) No one complete group of children knew all the facts relating to the Stage 2
numerical problems.

(i) The overall percentage of known facts increased in all groups up to the age of
11+ but then the above average children at 12+ appear to know fewer than
those at 10+ or 11+, whilst the average ability children continue to show a
slight increase.

(i) None of the below average ability seven year old children knew any of the
Stage 2 addition or subtraction facts. Neither could any of the above average
children of 7+ recall any of the subtraction facts between ten and twenty.
They used derived facts, count-back or count-up.

(iv) There is confirmation of at least a two year attainment gap between the above
average and the below average children, and evidence that for number facts
within the teens, the attainment gap is more normally three years.

The analysis of th&nown facts amongsthe threegroups of childrenand thesomewhat
surprising limitations in the children’s ability to remember the facts, leads to some interesting
guestions. A central feature of the stwdgs to considethe strategies that the childrased
to obtain the corredolutions tothe variety of numericgbroblemsthat were presented to
them. If they cannot remember facts, whed the alternative strategiagailable to them and

how are these alternatives used?

COMPOSITE STRATEGY USE - THE USE OF ALTERNATIVE STRATEGIES

Individual children did illustrate thase of a single of strategy. #te least sophisticated
level, one of the below average children solved every addition and subtraction problem based
on the facts to ten by using count-all for addition and take away for subtraction. THaobnly
thatthis child could imraediately recallvas 6 — 0, dact thatonly one child inthe whole

sample did not know.

At the other exeme, an above average nine yearkwidw all of the presented addition
and subtraction facts ten. Thischild indicated the start of a pattern theds toculminate

with all of the average and above average twelve year olds recalling every addition fact to ten.



The above average ten yesds werethe only completegroup to display thidevel of

attainment with the subtraction facts.

The network in Figure 4 (below) is a composiieture of theroutes used bwll of the
children to solvehe addition and subtractiqoroblems based on facts ten (the Stage 1
problems).The percentages areunded tahe nearesivhole andenablecomparisons to be
made between thproportions ofchildren using arange of particulastrategies. Through
following particular routes ware able to identify that 97% of the childnese knownfacts
(KF) but 72%supplement itsise withalternative strategiewhen dealing with a range of
addition problems.The comparablégures for subtractiorare 97% and 73%. Fronthese
figures it can be established that 25% of the chilt#resw all of the presented addition facts
whilst 24% knewthe subtractiorfacts. Only 3% of the children in each cakad tototally

resort to the use of count-all or take-away.

FIG.4 ABOUT HERE

The almost equal proportion similar strategies that the childresed to solve both the
addition and subtraction problemsggiking. The one exception tthis appears to be the
greaterproportion of subtraction facthatwere solved by take-away. 11% thie children
used noother alternative strategy if the fast®re notknown. Indeedthe percentagethat
included some form of counting as alternative strategwere otherwise almostqual; 60%
for addition and62% for subtractionThe balance, by implicationysed only deved facts

together with known facts; 12% addition and 11% for subtraction.

FIG.5 ABOUT HERE

At Stage 2 (Figure 5) a slightly different picture emerges:

() there was a considerable decline in the percentage of childrekneoall of
the facts.

(i) there is a considerable increase in the percentage of childrerusederived
facts.
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(i) a greater percentage ahildren, throughtheir exclusiveuse of counting

strategies, indicate that they could not recall at leasfamer use afact they
did know to establish a different fact.

(iv) some children were unable to stdéine problems,hence the difference in
totals.

Although suchcomposite pictures do give an indication of what is happeaangss the
spectrum of the age range considered they do not enable us to begin to identify the contrast in
strategyuse bychildren of different abilities andges. To dahis we need to consider the

variety of strategies used by separate groups.
THE DIVERGING USE OF STRATEGIES

The strategy combinations that are outlined above begin to present some very clear pictures

if they are related to preferences, age and the teacher identified level of ability of the children.

One of thestated objectives of teachers of frmunger childrenwas that these children
should know the facts to ten.ldecame clear thahis aim wasnot achieved overall artiat
proficiency in the knowledge/as afunction not only ofthe age of thehildren, but also of
their ability. Further, ifthe factswere notknown, the use ofparticularsupportive strategies

and the preferences available was also a function of the children’s age and ability.

91% of the whole sample indicated that knowing the answer was the best getyingf a
solution to the addition problems within Stage 1. Three-quarters difetbes average seven
and eight yeaolds indicated thatountingwas the bestway. Oneeight year old statethat
the "best way to get the answer was to know them but | usually have to count because | don'’t
know many". Analternativeview was expressed by amght year old above averaghild
who said "l usually countjut some know". In contrast84% of the sample claimethat
knowing the solution was the best way of obtaining the answer for a subtiactierAll of
the eight year old belowveragethree quarters ahe eight year average and three-quarters
of the seven year belovaverage indicated thatounting was the best way todeal with

subtraction.
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Almost all of the average and below childrgho claimed thaknowing the factwas the

best way toobtain a solutionndicated thatcountingwas the best if the solution was not
known. Individual problemse.g. 9-5did indicate that thergvere exceptions to thigeneral
rule, but the exceptionsvere not common enoudbor these children to make a definitive
statementwhich related to the selection of othknown facts.Even the eight year above
average children, who extensively used derived facts, were not able to indicate tisa tie
selected facts was an option for théFheir general approach to countihgwever waghat

they used that method if they couldn’t "do it" ( find a solution to the problem) any other way.

Even though derived facts were extensivebed wherchildren were dealing with the
Stage 2 problems, the ability to state that deduction was an ep®nly expressed by the
older average ability childrea.g. 11and 12 yeawolds, and the older half of the above
average children e.g. 10 to 12 year old olds. Below average children onthesamethod as
applicable to particulgproblems.The implication is thathis methodfor most chidren of
middle schoolage is intuitive and signalled by the problem they havdetd with. It is
suggested that only through continued successful use dossoine an approacsthich can

take its place as a preference.

The representations (Figure 6 and Figure 7) are area graphs which illingratenulative
percentage of the range of strategies used by idengjf@maps ofchildren to obtairsolutions
to Stage 1 and Stage 2 probleifise area graphs indicate the trends between age groups and
show the proportions of the strategies that the children of the ahilég ranges,and the six

age groups, used to solve the addition and subtraction problems.

FIG. 6 ABOUT HERE

The analysis ofthe strategiesised bythe below averageyroup of children at Stage 1
(Figure 6) showshat the percentage &hown facts increases with a corresponddegline
in the percentage afounting. Howeverthere is also a change the pattern of counting
within for addition. The less sophisticated strategy of count-all decreases at the expense of an
increase ircount-on.The proportionalise of count-on peaks tite age ofLO+ but remains

high for 11+ and 12+ children.



16
For the above average children there is a distinct absence of count-all str&egiethe

use of count-on is onlglearly evidenamongsthe seven yeapolds and, to aonsiderably

lesser extent, the nine year olds.

FIG. 7 ABOUT HERE

The broad distinctions apparent the Stage kolutions strategieare again evident with
the Stagewo problems (Figure’). The extensivause ofcounting by thebelow average
group is clearly identified. Within the other two ability groups the decline in counting with an
accompanying growth in recall methods, a combination of derived factenamch facts, is

clearly identifiable.

THE USE OF DEDUCTIVE APPROACHES

The most striking feature of the graphs is the extent to which diffgrenps nakeuse of

derived facts.

It can be clearlyseenthat the above averagwildren, whendealing withthe Stage 1
problems (Figure 6) made considerable and more extensive use of other known knowledge to
derive solutions at a younger age than the average ability childreantrast, it appearthat
this latter strategy is not readily available to the below average children when dealing with the

number facts to ten.

If the younger belowaverage childloes notknow a solutionthe evidence is thgs)he
will use counting. Such strategy remains a dominant alternatioe eachgroup of below
average children.The above average children on the other hand, by the age of eiglitlewere
to recall, either through knowing or through using other known knowledge, over 80% of the

answers.

It is the tendency, or otherwise, to use other known knowltggeamplifiesdistinctions
between the below average children and the athergroups.The use of derred facts may
hold the key toproviding insight intothe relationship between the individual differences

identified within the preferential hierarchy. The deductpproach, based as it is the use



of known knowledge, carries with it the implication that children cannot use the deted

strategy until such time as something is known.

The above average children demonstrated that if dietynot recall solutionsthey could
bring to the unknown solution avariety of otherknown facts to enable them to derive
solutions. The use of the known pairs of numhkat make ten enabled tseven ancight
year olds to obtain solutions to such Stageitericalproblems as 4 + 5, 7 + 2 and 6 + 3.
The facts to ten and the usekmiown addition facts also enablékdem to derivesolutions to
5-4,6-3,9-5and9 - 8. In some instances multiplicetidafacts wereused toobtain
solutionsi.e. 6 + 3; "six has twehree’s and three three’sakenine”. The average ability
children also rade similaruse of such knowledge bthe essential difference between the
two groups waghat the range adolutions used bthe average ability childrewas limited
and the children were older when they started using them. The evideheaisé ofderived
facts amongst below average childweas much more restricted, confined solely to deriving

a solution to 4 + 5 and/or 9 — 5.

Although theuse of doubles was veliynited amongstthe above average childrevhen
dealing with Stage 1 problenevidence ofsuch strategieswas considerablewhen they
sought solutions to Stage 2 problems. Such problems as 9 + 8, 8 + 6 and 18 — 9 were solved
extensively by thause of doubles, whilst understanding tbé structure of the number
system helped the above average childge a corination of facts to solveuch problems
as13+5,15+4,4+7,15 -9 and 12 Fi& use of suclalternativeknowledge amongst
the average ability children was to a large extent restricted to age 9+ and above.There were of
course some exceptions to thsneralisation; the ability to remembend usethe fact that
‘two nines are eighteen’ extended across the age range so that the solution to 18 — 9 could be
found by such an approach. The solution to 14 + 4 coufdlel by some othe younger
children through a combination of known knowledge i.e. 4 + 4 = 8, and an understanding of

the number structure viz. "ten and eight is eighteen".

The ability to deduce solution is dependant on something bekmpwn. The counting
methods used bthe below average children do not appear to reinfahegr knowledge of

numberfacts. The children did not appear to be making lthks betweerthe problem, the
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procedure and theolution. After using counting to obtainsolutions to such nuenical

problems as 5 + 3, 9 + 8 and 15 m@ny of thebelow average children gatee solutions
with relief. More importantly however, many of the younger children within this gecoufd
not remember the problem that had triggered their procedure. The link between énealum
problem and its solution had beebscured bythe lengthy counting routinthat had been

used to obtain the solution. It appetrat the youngerbelow averagechild doesnot receive

any feedbackfrom the counting procedure:the processis not being encapsulatednto a

known concept

CONCLUSION

Given any one ofhe numericalproblems an individual child took one of thrgeneral

approaches to obtain a solution:
() immediately recalled the fact; e.g. 2 + 3 is almost immediately seen as five,
(i) deduced the solution from alternative known facts,

(i) used a procedure which they felt confident with.

It was the child’dailure to solvethe problems byimmediate recall thatiggered the use
of other approaches. The evidence from this studlyaisthe childreverts backnot through
the cognitivehierarchy, but througkhe preferential hierarchy and that there tare distinct
approaches to the regression. The first maisesofotherknown knowledgethe deductive
approachThe second isdlominated by theaise of countingthe procedurabpproach. The
former is clearly displayed by the above average children and the average ability children who
use it extensivelywhen dealing withthe Stage Zproblems. Kidence of the deductive
approach is very limited amongst the below average ability children who make substantial use

of procedural approaches.

What has become fairly clearthrough this study, since it confirmsearlier work
(Gray,1988), ighe fact that thévelow averageability child is neithersuccessful atelarning
the numbeibonds nor ilrmakinguse ofthe onesthat they do knowHowever, during the
middle years of schoolinghere appears to be a subtle changieruse that such chidren

make of procedurainethods. Ifthe younger children do natmember thesolution to a
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problem they searcfor an alternative routeand consequenthplacing theemphasis on

instrumental rather than relatiorsgbproachesake a route thahvolves aradical change in
strategy: memory is abandonfmt a procedurehat involves the use ofphysical or quasi-
physical objects. The bits they do know do not appear to be held togethehemitsultthat
this change in strategynay involve the child iHong sequences of counting to arrive at

solutions. In one sengleey makethingsmore difficult for themselvesand as a consequence

becomeless able However, bythe end of middleyears of schooling suchhildren feel

secure, even confident, in their procedure. It is successful, may well have been refined and it

leads to solutions. Why change? What need is there to look for alternatives?

In contrast, condensintye long sequences appears to be alnmisiitive to the above
averagechild. Thiseventually becomes theornerstone to their highéevel of attainment;
they can takeshort cuts andperate with increasing levels abstraction All the disparate
aspects of the number system are brought together to establish solutjaimsth&reappears
to be two outcomes. Up to the age of about eleven the ability to condense procedures through
the use ofalternativeknown facts appears to strengthére bondsbetween deriving and
knowing. After eleven there is a hint that tabove average child is increasingly content to
use a base of knowledge to derive otkmowledge. Amabove average child may well have
to learn that addition and subtraction are different but the method of handling 3 + 5 may well
be the same as thased tohandle 8 — 3. It isuggestedhatsuch arecognition isinitially
intuitive. Eventually, because a generalisation can be made from it, the children rett@nise
they have an appropriate alternativekteowing andthey canexpresstheir alternative in
words; the approach can now be identified as a preferred alternative. The scope of the options
available to the above average and, with a small time gap, the average child is broadened. The
below average child on the other hand, is more likely to handle 5 + 3 by counting on and 8 —
3 by count-back orcount-up. Such procedureésvolve the co-ordination of sequential
processes whichniply a greateruse of memory. Thus, cgrared to their moreable
counterparts the below average child has more to remember but in fact the ability to remember

less.



The divergence between procedural and deduejgroaches becomesreality and
indicates that the above average and, to a slightly lesser extent, the average are indeed doing a

different form of mathematics than the below average.

The enhancement of procedusalderstanding to provide a foundation frcapsulation
would appear to be taking plasgithin those childrerwho are using anapproach with a
combination of deductive and procedural techniques. Such chitdem somefacts but not
enough; it would appear that they use the procedural approach to bridge the gap thetiween
knowledge and the use of that knowledge. The younger ab@rage children illustrate this

trend.

Counting, as used hthe below averagehild, does noappear to enhance the ability to
learn and theruse facts.The learning comes purefyom familiarity but the relationship
between knowledge and procedure remains weak; coudbeg notenable the child to

encapsulate the knowledge, indeed the indications are that it in fact does the reverse.

For the aboveaverage child relational learning is more likely to have taken piteioegh
the use ofdeduction to arrive aolutions.The use ofderived facts strengthertee bonds
between th&known knowledgeand the relationships argtructuresthat are inherent in the
number system. With Stage 1 problems using derived facts to obtain solutiorauisliany
approach which enhanctse ability toremember. Ashe problemsbecameharder and the
children older, this approach removed the need to remember. Thus it is suggestedubkat
of derived facts fothe younger children is an indispensable stage in developing knowledge
of the numberbondsbut in the older children it becomes a expedighich removes the

necessity to remember them all.

The proceduralunderstandingthat dominates the alternatives available to iedow
average childdoes notseem to be a steppwardsthe beginning ofabstraction. Instead it
appears to becomes an end inoiten right and assuch demonstrateake child’s inability to
make the generalisations that will ease the load on the quantity that iseimémbered. We

will not help such children by continuing taacceptthis situation and athe sametime



continuing to push forward attempting to teach them more conafexithms. Wehave to
help them overcome the hard work that is necessary to remember some facts and reinforce the
relationships between the facts that they do know to establish other facts.

From the teaching point ofiew two issuesarise that have implicatiorfer classroom
practice. Thefirst embracesssue ofthe relationship between procedural and deductive
methods and children's solution strategies for the number facts, and the $actess easy
to respond tothe qualitatively differentvays that less able children appear to lkaoing
mathematics compared to their more able peers.

Teachers of young dbren must rake aconscious effort tdeachcount-on. 8cada et al
(1983) provide arndication of how thismay bedone. Howeverpecause count-on is a
process completed over timég links betweerthe problem,the process andhe product of
the process are less tenuous for the below average child. The fattentdnfor the below
average child is thprocess whicltoncentrates action by tlehild. The product,frequently
arrived at with asense of relief, isnarginalised so thabngerterm benefits of a procedure
which would enable the child to develop and internalise an expanded number schema are
limited. The authohas nowdeveloped a degree a scepticism in claiming lestefits arise
from the use of structural apparatus with these childeoh aidsalter theproceduraffocus
and usually involve a ‘translational’ stage, for example the selection of a colourrtadttior
represent aumber, whichcan expand rather than contract the procedunatess.Below
average ability childremust be given an opportunity to expand their experience of seeing
problem and product withotihe clutter of gorocedure. Graphic calculators, whiehable a
simultaneous display of a problem and its product, may provide such an opportunity.

An emphasis on count-on as a procedure aadition will also have implications for
teaching.Many children will view subtraction as a reversal of tisocess.The evidence
from this study, though not made a substantive part of the papleat @ssubstantial number
of children use count-back to solve subtractigoroblems. Thiscan be anhorrendous
process, particularly for the below average child. Indeed, watching sl attempting to
cope with 12 — 8 or 15 — @sing such an approach, is a savagtctment of teaching
methods that condone it . It is also an indictmetiiefbelief that childreshould be atiwed

to develop theiown personal modes gierforming arithmetic. Count backay work well
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with 8 — 2 but it does najeneralise easily to 1-89. Teachergherefore, must lookonce

again at standard practicefich nmakeuse of such aids d@ee number track or the number
line. Within many English schooturrentuse of suctpedagogic aids tends to reinforce the
reversal of count-on to obtasolutions for subtractioproblems. Anappreciation of the
binary or difference perspective sfibtraction, wouldenable children to establigtount-up
procedures and thus give them greater flexibility.

Flexibility, particularly amongsthe olderbelow averagechildren, can often mean the
development of personalised countingethods. Aain the evidencdrom the interviews
within this studyindicates that if children develdughly personalised methods of coping
with alimited range ofarithmeticalproblems (often by countingsing various parts of the
body or various finger configurations to represent different numbes)they may achieve
short term success with sall numbers but considerable difficulty,and evenufa, with
larger numbers.

Within the classroom a greater degree of urgency must be applied to remembering number
facts but this is not to be seen as an endsglf. To understandhe concept of humber
implies its assimilation into the number-schema of natwabbers. What for a younghild
may be activities based on the use of structured apparatus, such afaobdousrunifix, to
write ‘the story of eight’ must be extended with older children into pnadticeand games to
indicatewhat is knownabout 8;“Tell me all you know about eight’.Responses must be
encouraged that not only emphasisenbimerosity of eight but aexpansion othe schema
of which eight is already a part. “Eight is 4 + 4, eight is 10 - 2, eight i 5 2".

This basicnumericalknowledgecan then be associatedth place value numeration to
provide greater power through which extrapolation of knowledge increases; 3 + 4 = 7, 13 +
4 =17, 23 + 4 =27, eventually going as far as 103 + 4 = 107, 203 + 4 = 207 etc.

Re-emphasisinthe need tgrovide continued opportunitider children to expandheir
number schema may, in the end, only serve to incteéasdistinctions between thessable
and other children within the class. What appears to be clear, is that to keep accepting without
guestion procedural methodsed by lowembility children isdoing them an injustice — it
only serves taeinforce theirstatus and will ensurthat the divide between theand their

more able peers will grow ever wider. Howewveactions to their difficultiesvhich involve
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the continued recycling of procedunalethods,because of a belief that they promote

understandinggcanonly serve tgplace theemphasisnot on mathematcs, but on thee of
memory. The hierarchial ladder grows ever longer and these children, facédenitoblem

of co-ordinating sequentigirocessesitry to remember by brute force a multitude of rules,
facts and procedures”(Byers and Erlwand®85, p.277).Graphic calculatorsnay nurture
the problem -product linkages, buthe arendor further consideration musfocus more
sharply on the different types of thoughat arebrought to bear omathematical activity by

the more able and the less able.
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